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ADVERTISEMENT. 



Tms edition of Euclid has been printed, with some 
slight verbal emendations, from the text of Dr. 
Simson, except that, in 4. 18, I have substituted 
a known shorter demonstration for the long and 
cumbrous direct proof. As this Proposition is one 
of those often omitted, there seemed less reason 
for retaining this latter. I have throughout at- 
tended carefully to the punctuation, and, I hope, 
have considerably improved it. It will be found 
that the different steps of the reasoning are dis- 
tinctly separated by means of a colon and a 
capital. For the rest of the Text of Euclid and 
additional Problems, reference may be made to 
Potts' Edition of Euclid, where also is given much 
additional matter, of use to the Tutor and Private 
Student. .;:; 

Fomcett St, Mary, Oct, 31, 1846. 



ERRATA. 

Page 

48 Pbob. 3» for bisect read be bisected by, 
S9 Prob. 10, Take D anp point between B and the point where a 

circle, centre C, and rad. GA, the least of the two sides, 

cuts AB. 
51 Prob. 90, after point inaert between them, 
5S Prob. 51, for the sides read the alternate sides. 
53 Prob. 58, for bisect read trisect. 
53 Prob. 60, for greater or less read less or greater. 



N.B. In the Problems, the name trapezium will be 
restricted to a quadrilateral, ttoo of whose opposite sides a/re 
parattek 
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DEFINITIONS. 

I. A POINT is that which hath no parts, or which 
hath no magnitude. 

II. A line is lengfh without breadth. 

III. l^e extremities of a line are points. 

rr. A straight line is that which lies evenly between 
its extreme points. 

y. A superficies is that which hath only length and 
breadth. 

Ti. The extremities of a superficies are lines. 

Yii. A pU^ superficies is that in which, any two 
points bcdng taken, the straight line between them lies 
wholly in that superficies. 

vm. A plane angle is the inclination of two lines to 
one another in a plane, which meet together, bxsil «x% 
not in the same direction. 
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IX. A plane rectilineal angle is the inclination of two 
straight lines to one another, which meet together, but 
are not in the same straight line. 

N.B. When seyeral angles are at one point B, any one of them 
if expressed by three letters, of which the letter that is at the vertex 
of the angle, that is, at tlie point in which the straight lines that 
contain the angle meet one another, is put between the other two 
letters, and one of these twoia somewhere upon one of those straight 
lines, and the other npon the other line; thus the angle which is 
contained by the straight lines AB, CB, is 
named the angle ABC or CBA, that 
which is contained by AB, DB, is named 
the angle ABD or DBA, and tliat which 
is contained by DB, CB, is named the 
angle DBC or CBD: but, if there be only 
one angle at a point, it may be expressed 
by a letter placed at that poin^ as the angle at £. 

X. When a straight line, standing on another straight 
line, makes the adjacent angles equal to one 
another, each of these angles is called a right 
angle ; and the straight line which stands 
on the other is called a perpendicular to it. 

XI. An obtuse angle is that which is greater than a 
right angle. 

XII. An acute angle is that which is less than a right 
angle. 

XIII. A term or boimdary is the extremity of any 
thing. 

xiy. A figure is that which is inclosed by one or 
more boundaries. 

XY. A circle is a plane figure contained 
by one line, which is called the circum- 
ference, and is such that all straight lines, 
drawn from a certain point within the 
figure to the circumference, are equal to 
one another : 
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XVI. And this point is called the centre of the circle. 

xYii. A diameter of a circle is a straight line drawn 

through the centre, and terminated both ways by the 
circumference. 

XTiii. A semicircle is the figure contained by a dia- 
meter and the part of the circumference it cut off. 

XIX. A segment of a circle is the figure contained 
by a straight line, and the circumference it cuts off. 

XX. Eectilineal figures are those which are contained 
by straight lines : 

XXI. Trilateral figures, or triangles, by three straight 
lines: 

xxn. Quadrilateral, by four straight lines i 

XXIII. Multilateral figures, or polygons, by more than 
four straight lines : 

Of three-sided figures, 

xxiY. An equilateral triangle is that which has three 
equal sides : 

xxY. An isosceles triangle is that which has two 
sides equal : 

xxYi. A scalene triangle is that which has three 
unequal sides : 

xxYii. A right-angled triangle is that which has a 
right angle : 

xxTiii. An obtuse-angled triangle is that which has 
an obtute angle : 

XXIX. An acute-angled triangle is that HfYd^^ \A9k 
three acute angles. 
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Of four •sided figures, 

XXX. A square is that which has all its sides e 
and all its angles right angles : 

XXXI. An oblong is that which has aU its act 
right angles, but not all its sides equal ; 

XXXII. A rhombus is that which has all its si 
equal, but its angles are not right angles : 

XXXIII. A rhomboid i» that which has its oppoe 
sides equal to one another, but all its sides are n 
equal, nor its angles right angles. 

xxxiY. All other four-sided figures besides these ai 
called Trapeziums. 

xxxY. Parallel straight lines are such as arc in the 
same plane, and, being produced ever so far both ways, 
do not meet. 



POSTULATES. 
I^t it be granted, 

z. That a straight line may be drawn from any one 
poittt to any other point : 

II. That a terminated straight line may be produced 
to any length in a straight line : 

III. That a circle may be described from any centre, 
at any distance from that centre. 



AXIOMS. 
I. Things which are equal to the same are equal to 
•TIM another. 
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II. If equals be added to equals, the wholes are equal. 

III. If equals be taken from equals, the remainders 
are equal. 

ly. If equals be added to unequals, the wholes are 
unequal. 

Y. If equals be taken from unequals, the remainders 
are unequal. 

VI. Things which are double of the same, are equal 
to one another. 

Tii. Things which are halves of the same, are equal 
to one another. 

VIII. Magnitudes which coincide with one another, 
that is, which exactly fill the same space, are equal to 
one another. 

IX. The whole is greater than its part. 

X. Two straight lines cannot enclose a space. 

XI. All right angles are equal to one another. 

xu. If a straight line falls upon two straight lines, 
so as to make the two interior angles on the same 
side of it together lees than two right angles, these 
straight lines, being continually produced, shall at 
length meet, upon that side on which are the angles 
which are less than two right angles. 
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PROPOSITION I. Problem. 

To describe an equilateral triangle tg^on a given finite 

straight line. 

Let AB be the giyen straight line : it is required to 
describe an equilateral triangle upon AB. 

From the centre A, at the distance AB, describe 
the circle BCD {Post, 3), and from the 
centre B, at the distance BA, describe 
the circle ACE; and from the point C, 
in which the circles cut one another, 
draw the straight lines CA, CB, to the 
points A, B {Post. 1) : ABC shall be- 
an equilateral triangle. 

Because the point A is the centre of the circle BCD,. 
AC is equal to AB (Def. 15) ; and because the point B 
is the centre of the circle ACE, BC is equal to BA : 
But it has been proved that CA is equal to AB; 
therefore CA, CB are each of them equal to AB : But 
things which are equal to the same are equal to one 
another {Ax. 1) ; therefove CA is equal to CB. : Where- 
fore CA, AB, BC are equal to one another ; and the 
triangle ABC is theref(H:e equilateral,, and it is described 
upon the given straight line AB« a. e« f« 



PROP. n. Prob. 

From a given point to draw a straight line equal to a given 

straight line. 

Let A be the given point, and BC the given straight 
line : it is required to draw from the point A a straight 
line equal to BC. 
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From the point A to B draw the straight line AB ; 
and upon it describe the equilateral 
triangle DAB (1. 1), and produce the 
straight lines DA, DB, to E and F 
{Post, 2) ; from the centre B, at the 
distance BC, describe the circle CGH, 
and from the centre D, at the distance 
DG, describe the circle GKL: AL shall be equal to BC. 

Because the point B is the centre of the circle CGH, 
BC is equal to BG : And becaufle D is the centre of 
the circle GKL, DL is equal to DG; and DA, DB, parts 
of them, are equal {Conttr,), therefore the remainder 
AL is equal to the remainder BG (Ax, 3) : But it 
has been shewn that BC is equal to BG; therefore 
AL and BC are each of them equal to BG: And 
things which are equal to the same are equal to one 
another ; therefore the straight line AL is equal to BC. 
Wherefore from the given point A a straight line AL 
has been drawn equal to the given straight line BC. 

Q.E.F. 



PROP. in. Pbob. 
From the greater of two given straigM lines to cutoff a part 

equal to the less. 

Let AB and C be the two given straight lines, whereof 
AB is the greater : it is required to 6u.t 
off from AB the greats a part equal to 
C the less. 

From the point A draw the straight 
line AD equal to C (1. 2) ; and from 
the centre A, at the distance. AD, de- 
scribe the circle DEF. 

Then, because A is the centre of the ciicleiyES ^ KS^ 
is equal to AD : But the slraiglit \me C \& Yi^^vna^ 
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equal to AD (Constr,) ; whence AE and C are each of 
them equal to AD : Wherefore AE is equal to C, and 
from AB, the greater of two given straight lines, a part 
AE has been cut off equiil to C the less, q.e.f. 



PROP. IV. Theobbm. 
IfttDO triangles have ivoo aides of the one equal to two aides 
of the of her, each to each, and have also the angles 
contained by those sides equal to one another, they shall 
also have their bases, or third sides, equal, and the 
two Uiangles shall be equal, and their other angles shall 
be equal, each to each, viz, those to which the equal sides 
are opposite. 

Let ABC, DEF be two triangles, which have the two 
sides AB, AC equal to the two sides DE, DF, each to 
each, tIz. AB to DE, and AC to 
DF, and the angle BAC equal to 
the angle EDF : the base BC shall 
be equal to the base EF, and the 
triangle ABC to the triangle DEF, 
and tiie other angles shsdl be equal, each to each, to 
which the equal sides are opposite, yiz. the angle 
ABC to the angle DEF, and the angle ACB to the 
angle DFE. 

For, if the triangle ABC be applied to the triangle 
DEF, so that the point A may be on D, and the straight 
line AB upon DE, the point B shall coincide with the 
point E, because AB is equal to DE {Hyp,) : and AB 
coinciding with DE, AC shall coincide with DF, because 
the angle BAC is equal to the angle EDF {Hyp.) : 
therefore also the point C shall coincide with the point 
F, because AC is equal to DF {Hyp.) : But the 
point B coincides with the point E, therefore the 



A 

A 
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base BC shall coincide with the base £F ; because, 
B coinciding with E, and C with F, if BC does not 
coincide with EF, two straight lines would enclose a 
spsLce — ^which is impossible {Ax. 10) ; therefore the base 
BC shall coincide with the base £F, and be equal to it 
{Ax, 8) ; and the whole triangle ABC shall coincide 
with the whole triangle DEF, and be equal to it ; and 
the other angles of the one shall coincide with the 
other angles of the other, and be equal to them, each 
to each, -viz. the angle ABC to the angle DEF, and 
the angle ACB to the angle DFE. 

Wherefore, If tvx> triangles Sjc, q. b. d. 



PROP. V. Theor. 

The angles at the base of an isosceles triangle are equal 
to one another ; and, if the equal sides be produced, the 
angles upon the other side of the base shall be eguaL 

Let ABC be an isosceles triangle, of which the side 
AB is equal to AC, and let the straight lines AB, AC 
be produced to D and E ; the angle ABC shall be equal 
to the angle ACB, and the angle CBD to the angle 
BCE. 

In BD take any point F, and from AE the greater 
cut off AG equal to AF the less (I. 3), and join 
FC, GB. 

Then, because AF is equal to AG, and 
AB to AC (flyp.)» *^e <^wo sides FA, AC 
are equal to the two G A, AB, each to each, 
and they contain the angle FAG common 
to the two triangles AFC, AGB — ^there- 
fore (1. 4) the base FC is equal to the base 
GB, and the triangle AFC to the triangle 
AGB, and the remaining angles oi t\ie otisi \a ^^ 
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remaining angles of the other, each to each, to which 
the equal sides are opposite, viz. the angle ACF to the 
angle ABG and the angle AFC to the angle AGB : 

And because the whole AF is equal to the whole AG, 
of which the parts AB, AC are equal, the remainder 
BF is equal to the remainder CG, and FC was 
proved to be equal to GB ; therefore the two sides BF, 
FC are equal to the two CG, GB, each to each, and the 
angle BFC has been proved to be equal to the angle 
CGB — ^therefore (1. 4) (the base BC being here common 
to the two triangles BFC, CGB) the two triangles are 
equal, and their other angles are equal, each to each, to 
which the equal sides are opposite, yiz. the angle FBC 
to the angle GCB and the angle BCF to the angle CBG : 

And, since it has been demonstrated that the whole 
angle ABG is equal to the whole angle ACF, parts of 
which, the angles CBG, BCF, are also equal, the 
remaining angle ABC is therefore equal to the remain- 
ing angle ACB (Ax, 3), which are the angles at the 
base of the triangle ABC : And it has been proved 
that the angle FBC is equal to the angle GCB, which 
are the angles upon the other side of the base. 

Wherefore, The angles at the base 3^, q. e.d. 

CosoLLABT. Hence every equilateral triangle is also 
equiangular. 



PROP. VI. Theob. 

IftvDO emgles of a triangle be equal to one ano^hety the aides 
also which subtend, or are opposite to, the equal angles, 
shaU be equal to one another. 

Let ABC be a triangle having the angle ABC equal 
to the angle ACB : the side AB shall be equal to the 
side AC. 
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For, if AB be not equal to AC, one of them is greater 
than the other. Let AB be the greater; and from it 
cut off DB equal to AC the less, and join 
DC : Then, because in the triangles DBC, 
ACB, DB is equal to AC, and BC common 
to both triangles, the two tides DB, BC 
are equal to the two AC, CB, each to each, 
and the angle DBC is equal to the angle ACB {Uyp,) — 
therefore the base DC is equal to the base AB (1. 4), 
and the triangle DBC is equal to the triangle ACB, the 
less to the greater — ^which is absurd : Therefore AB 
is not unequal to AC, that is, it is equal to it. 

Wherefore, ff ttoo a$tgle9 Sjc, q. s. d. 

Cob. Hence every equiangular triangle is also equi- 
lateral. 



PROP. Vn. Theob. 

Upon the same hcue, and on the same tide of it, there cannot 
be two triangles which have their sides terminated in one 
extremity of the base equal to one ^mother, and also those 
terminated in the other extremity. 

If it be possible, let there be two triangles ACB, 
ADB, upon the same base AB, and upon the 
same side of it, which have their sides CA, 
DA terminated in the extremity A of the 
base equal to one another, and also their 
sides CD, DB, eq\ial, terminated in B. 

Join CD : Then, in the case in which the vertex 
of each of the triangles is without the other triangld^, 
because AC is equal to AD, the angle ACD is 
equal to the angle ADC (1. 6) : But the angle ACD 
is greater than the angle BCD {Ax, 9) ; thereiEore «]L&q 
the angle ADC is greater than the axi%\e "fiCI^ \ tsimlO^^ 





12 kuolid'r elements. 

more then is the angle BDC greater than the a 
BCD : Again, because BC is eqiial to BD the a 
BCD is equal to the angle BDC: but it has 1 
proved to be greater than it — ^which is impossible. 

But, if one of the vertices, as D, be toithin the e 
triangle ACB, produce AC, AI> to E, F. 
Then, because AC is equal to AD in the 
triangle ACD, the angles ECD, PDC upon 
the other side of the base CD are equal 
to one another (1. 5) : But the angle ECD 
is greater than the angle BCD ; therefore also the f 
FDC is greater than the angle BCD ; much : 
then is the angle BDC greater than the angle B 
Again, because BC is equal to BD, the angle BC 
equal to the angle BDC : but it has been proved 1 
greater than it — ^which is impossible. 

The case, in which the vertex of one triangle is 
a side of the other, needs no demonstration. 

"Wherefore, Upon the same bcise, S^c, q.e.d. 



PROP. Vin. Theoe. 

If two triangles have two sides of the one equal to two 
of the otheTt each to each, and have also their 
equal, the angle which is contained by the two sia 
the one shall be equal to the angle contained by th 
sides, equal to them, of the other. 

Let ABC, DEF be two triangles, having the twp 
AB, AC equal to the two sides 

DE, DF, each to each, viz. AB a o^ 

to DE, and AC to DF, and also N |K: 

the base BC equal to the base ^v^ ^ 

EF : the angle BAC shall be * ^ * 
equal to the angle EDF. 
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For, if the triangle ABC be applied to the triangle 
DBF, so that the point B may be on E, and the straight 
line BC upon EF, the point C shall also coincide with 
the point F, because BC is eq\ial to £F {Hyp,) : And BC 
coinciding with £F, B A and AC shall coincide with ED 
and DF ; for, if the base BC coincides with the base EF, 
whereas the sides BA, CA do not coincide with the sides 
ED, FD, but have a different situation as EG, FO, then 
upon the same base EF, and upon the same side of it, 
there would be two triangles having their sides termi- 
nated in one extremity of the base equal to one another, 
and also those terminated in the other extremity — 
which is impossible (1. 7) : Therefore, if the base BC 
coincides with the base EF, the sides BA, AC cannot 
but coincide with the sides ED, DF ; and therefore also 
the angle BAC coincides with the angle EDF, and is 
equal to it. 

Wherefore, If two triangles S^c, a, e. d. 



PROP. IX. Prob. 
7b bisect a given rectilineal angle ^ that is, to divide it into 

two equal angles. 

Let BAC be the given rectilineal angle : it is required 
to bisect it. 

Take any point D in AB, and from AC cut off AE 
equal to AD; join DE, and upon the side ^ 

opposite to that on which A lies, describe an 
equilateral triangle DEF, and join AF : the 
straight line AF bisects the angle BAC. 

Because AD is equal to AE, and AF is 
common to the two triangles DAF, EAF, the 
two sides DA, AF are equal to the two ^de:& YkK, KS , 
each to each, and the base DF is equal to ii3tkft\i««fc'^S 
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— therefore (1. 8) the angle DAF is equal to the angle 
EAF: Wherefore the given rectilineal angle BAG is 
bisected by the straight line AF. q. e. f. 



PROP. X. Prob. 

To bisect a givetiJiHUe straight linef that is, to divide it into 

ttoo equal parts. 

Let AB be the given straight line : it is required to 
bisect it. 

Upon it describe an equilateral triangle ABC, and 
bisect the angle ACB by the straight line CD (1. 9) : 
the straight line AB is bisected in the point D. 

Because AC is equal to CB and CD is common to the 
two triangles ACD, BCD, the two sides AC, 
CD are equal to the two BC, CD, each to 
each, and the angle ACD is equal to the 



A 



angle BCD {Constr,) — therefore the base AD -A. » 
is equal to the base DB : Wherefore 4he straight line 
AB is bisected in the point D. q. e.f. 

PROP. XI. PaoB. 

To draw a straight line at right angles to a given straight 

line from a given point in the same. 

Let AB be the given straight line, and C a given point 
in it : it is required to draw from the point C a straight 
line at right angles to AB. 

Take any point D in AC, and make CE equal to CD 
(I. 3), and upon DE describe the equi- 
lateral triangle DFE, and join CF: the 
straight line CF is drawn from the given 
point C at right angles to the given straight a u 
line AB. 
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Because DC is equal CE, and CF common to the two 
triangles DCF, EOF, the two sides DC, CF are equal to 
the two EC, CF, each to each, and the base DF is equal 
to the base EF — therefore (1. 8) the angle DCF is equal 
to the angle ECF ; and they are adjacent angles : But, 
when a straight Une, standing on atwther straight line, 
makes the adjacent angles equal to one another, each of 
these angles is called a right angle {Def, 10) ; therefore 
each of the angles DCF, ECF is a right angle : Where- 
fore, from the given point C, in the given straight line 
AB, CF has been drawn at right angles to AB. q. e. f. 

Cob. By the help of this problem, it may be demon- 
strated that two straight lines cannot have a common 
segment. 

If it be possible, let the two straight lines ABC, ABD 
have the segment AB common to both of them. From 
the {)oint B draw BE at right angles to AB : Then, 
because ABC is a straight line, the angle CBE is equal 
to the angle EBA (Def, 10) : So also, because ABD is 
a straight line, the angle DBE is equal x 

to the angle EBA : Therefore the angle 
DBE is equal to the angle CBE, the less 
to the greater — ^which is absurd : Where- ■" 

fore two straight Unes cannot have a common segment. 

PROP. XII. Pkob. 

To draw a straight line, perpendictdar to a given straight 
line of unlimited length, from a given point toithout it. 

Let AB be the given straight line, which may be 
produced to any length both ways, and let C be a point 
without it : it is required to draw from the point C a 
straight line perpendicular to AB. 



'^ — •—. 
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Take any point D upon the other side of AB, and 
fi'om the centre C, at the distance CD, c 

describe the circle EGF meeting AB 




in F, G ; bisect FG in H (I. 10), V/ id 
and join CF, CH, CG : the straight ^^""loT^^ 
line CH is drawn &om the given point C perpendicu- 
lar to the given straight line AB. 

Because FH is equal to HG, and HC common to the 
two triangles FHC, GHC, the two sides FH, HC are 
equal to the two GH, HC, each to each, and the base 
CF is equal to the base CG— therefore (I. 8) the angle 
CHF is equal to the angle CHG ; and they are adjacent 
angles : But, when a straight line standing on another 
straight line maJces the a^'acent angles equal to one another, 
each of these angles is called a right angle; and the straigM 
line which stands on the other is called a perpendicular to 
it {Def, 10) ; therefore CH is perpendicular to AB : 
Wherefore, from the given point C without it, CH has 
been drawn perpendicular to the given straight line AB. 
u.:ft. F, 

PROP. Xni. Theok. 
The anglesy which one straight line makes with another t^pon 
one side ofitf are either two right angles, or are together 
equal to two right angles. 

Let the straight line AB make with CD, upon one 
side of it, the angles CB A, ABD : these are either two 
right angles, or are together equal to two right angles. 

For if the angle CBA be equal ^ 

to ABD, each of them is a right 
angle {Def. 10) : But if not, from 
the point B draw BE at right - 
angles to CD (I. 11) ; then the 
angles CBE, EBD are two right angles : And, becaiusc 



/ 
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the angle CBE is equal to the two angles CBA» ABE, 
to each of these equals add the angle £BD ; therefore 
the angles CBE, £BD are equal to the three angles 
CBA, ABE, EBD (Ax, 2) : Again, because the angle 
DBA is equal to the two angles DBE, EBA, to each 
of these equals add the angle ABO ; therefore the 
angles DBA, ABC are equal to the three angles DBE, 
EBA, ABC: But the angles CBE, EBD have been 
shewn to be equal to the same three angles ; and 
things that are equal to the same are equal to one another ; 
therefore the angles CBE, EBD are equal to the angles 
DBA, ABC : But CBE, EBD are two right angles ; 
therefore DBA, ABC are together equal to two right 
angles. 
Wherefore, The angles^ which one straight line Sgc, q. b. p. 



PROP. XIV. Theor. 

If f at a point in a straight line, two other straight lines, 
upon the opposite sides of it, make the a^facent angles 
together equal to two right angles, these two straight Unes 
shall be in one and the same straight line. 

At the point B in the straight line 
A6, let the two straight lines BC, BD, 
upon the opposite sides of AB, make 
tHe adjacent angles ABC, ABD together 
equal to two right angles: BD shall be in the same 
straight line with BC. 

For, if BD be not in the same straight line with BC, 
let BE be in the same straight line with it: Then 
because the straight line AB makes with the straight 
line CBE, upon one side of it, the angles CBA, ABE, 
these are together equal to two right angles (I. 13) : 
But the angles CBA, ABD are to^c!0[LeT «cvj\siJi \ic» V«ti 
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right angles (Hyp,) ; therefore the angles CBA, 
are equal to the angles CBA, ABD : From et 
these equals take away the common angle CB A ; 
the remaining angle ABE is equal to the rema 
angle ABD (Ax, 3), the less to the greater — ^wM 
absurd : Therefore BE is not in the same straight 
with BC : And in like manner it may be den 
strated, that no other can be in the same straight 
with it but BD : Therefore BD is in the same strai 
line with BC. 

"Wherefore, If at a point S^, a.E.D. 



PROP. XV. Theob. 
If two straight lines cut one another, the vertical, <yt <y^ 
posite, angles shall be equal. 

Let the two straight lines AB» CD cut one anothei 
in the point £ : the angle AEC shall be equal to the 
angle BED, and the angle AED to the angle BEC. 

Because the straight line AE makes with CD the 
angles AEC, AED, these are together 
equal to two right angles (1. 13) : 
Again, because the straight line DE 
makes with AB the angles AED, BED, 
these also are together equal to two right angles: 
But the angles AEC, AED have been shewn to be 
equal to two right angles; therefore the angles AEC, 
AED, are equal to the angles AED, BED: From 
each of these equals take away the common angle 
AED ; then the remaining angle AEC is equal to the 
remaining angle BED. 

And in like manner it may be demonstrated that the 
angle AED is equal to the angle BEC. 

Wherefore, If two straight Unes 8fc, a. B. D. 
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Cob. 1. From this it is manifest that, if two straight 
lines cut one another, the angles they make at the point 
where they cut are together equal to four right angles : 

Cob. 2. And, consequently, that all the angles, made 
by any nimiber of lines meeting in one pointy are to- 
gether equal to four right angles. 



PROP. XVI. Thbob. 

If one aide of a triangle he produced^ the exterior angle is 
grecUer than either of the interior opposite angles. 

Let ABC be a triangle, and let its side BC be pro- 
duced to D : the exterior angle ACD is greater than 
either of the interior opposite angles CBA, BAC. 

Bisect AC in E (1. 10), join BE and produce it to F, 
making EF equal to BE (1. 3) ; and join FC. 

Then, because AE is equal to EC, and BE to EF, 
the two sides, AE, EB, are equal to the two, 
C£, EF, each to each, and the angle AEB 
is equal to the angle CEF, because they are 
opposite vertical angles (I. 16) ; — therefore 
the base AB is equal to the base CF, and 
the triangle AEB to the triangle CEF, and the remain- 
ing angles to the remaining angles, each to each, to 
which the equal sides axe opposite ; therefore the angle 
BAE is equal to the angle ECF : But the angle ECB 
is greater than the angle ECF ; therefore the angle ACD 
is greater than the angle BAE, or BAC. 

And, in like manner, if the side BC be bisected and 
AC be produced to G, it may be demonstrated that the 
angle BCG, that is, the angle ACD (1. 15.), is greater 
than the angle ABC. 

Wherefore, If one side S(c, q.e.d. 
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PROP. XVII. Theor. 

Any two angles of a triangle are together less than tiio 

right angles. 

Let ABC be a triangle : any two of its angles are 
together less than two right angles. 

Produce BC to D : Then, because ACD is the ex- 
terior angle of the triangle ABC, ACD is 
greater than the interior and opposite angle 
ABC (1. 16) : To each of these add the 
angle ACB ; therefore the angles ACD, b" 
ACB, are together greater tlian the angles ABC, ACB 
(Ax, 4) : But the angles ACD, ACB, are together 
equal to two right angles (1. 13) ; therefore the angles 
ABC, ACB are together less than two right angles^ 
And, in like manner, it may be denK)nstrated that the 
angles BAC, ACB, as also the angles CAB» ABC» are 
together less than two right angles* 

Wherefore, Any ttoo angles S^c, q. b. d. 

PROP. XVIII. Thboe. 
The greater side of every triangle is opposite to the greaier 

angle. 

Let ABC be a triangle, of which the side AC i» 
greater than the side AB: the angle ABC is alsa 
greater than the angle ACB. 

Since AC is greater than AB, cut off AD equal to 
AB, and join BD : Then, because ADB ^ 

is the exterior angle of the triangle BDC, 
it is greater than the interior and opposite 
angle DCB (I. 16) : But the angle ADB ^ ^ 

's equal to the angle ABD, because the side AD is 
equal to the side AB (I. 6) ; therefore also the angle 
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ABD is greater than the angle ACB : much more 
then is the angle ABC greater than the angle ACB. 
Wherefore, The greater side S^, q. e. d. 

PROP. XrX. Theor. 

The greater angle of every triangle is subtended hy the 
greater side, or has the greater side opposite to it. 

Let ABC be a triangle, of which the angle ABC is 
greater than the angle ACB : the side AC is also 
greater than the side AB. 

For, if it be not greater, it must either be equal 
to it, or less : But AC is not equal to ^ 

AB, because then the angle ACB woidd 
be equal to the angle ABC (1. 5) ; but it 
is not — ^therefore AC is not equal to AB : ^ ^ 

Neither is it less, because then the angle ACB would 
be less than the angle ABC (I. 18) ; but it is not — 
therefore AC is not less than AB : And it has been 
shewn that it is not equal to it ; therefore AC is greater 
than AB. 

Wherefore, The greater angle S^c, q.e.d. 

PROP. XX. Theor. 

Any two sides of a triangle are together greater than the 

third side. 

Let ABC be a triangle : any two sides of it are to- 
gether greater than the third side, viz. BA, AC greater 
than BC, and AB, BC, greater than AC, and AC, CB, 
greater than AB. 

Produce BA to the point D, making 
AD equal to AC (1. 3), and join DC. 

Then because AD is equal to AC, the 
angle ADC is equal to the angle ACD ; -^ 




22 Euclid's elements. 

But the angle BCD is greater than the angle ACD ; 
therefore the angle BCD is greater than the angl« 
BDC : And because the angle BCD of the triangle 
BCD is greater than the angle BDC of the same triangle, 
and that the greater side is opposite to the greater angle 
(1. 19), therefore the side BD is greater than the side 
BC ; But BD is equal to BA and AC ; therefore BA, 
AC are greater than BC. 

And in like manner it may be demonstrated that 
AB, BC, axe greater than AC, and AC, CB, greater 
than AB. 

Wherefore, Any two sides S^, q.e.d. 

PROP. XXI. Theor. 

If from the ends of a side of a triangle there be drawm two 
straight lines to a point within the triangle, these shall be 
less than the other two sides of the triangle, but shall con- 
tain a greater angle. 

Let the two straight lines BD, CD be drawn from 
B, C, the ends of the side BC of the triangle ABC, to 
the point D within it : BD and DC axe less than the 
other two sides BA, AC of the triangle, but contain an 
angle BDC greater than the angle BAC. 

Produce BD to E : Then, because any two sides of a 
triangle are together greater than the third side (1. 20), 
the two sides, BA, AE, of the triangle ABE are greater 
than BE : To each of these add EC ; a 

therefore the sides BA, AC are greater y^^ 

than BE, EC : Again, because the two .jg^^^*^^ 
sides, CE, ED, of the triangle CED are ® * 

greater than CD, to each of these add DB ; therefore 
the sides CE, EB axe greater than CD, DB : But it 
has been shewn that BA, AC arc greater than BE, EC ; 
much more then are BA, AC greater than BD, DC. 
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Again, because the exterior angle of a triangle is 
greater than the interior and opposite angle (1. 16), the 
exterior angle BDC of the triangle CDE is greater than 
the angle CED : For the same reason, the exterior 
angle CEB of the triangle ABE is greater than the 
angle BAE: But it has been shewn that the angle 
BDC is greater than the angle CEB ; much more then 
is the angle BDC greater than the angle BAC. 

Wherefore, Iffrcm the ends fyi, q. e. d. 

PROP. XXII. Pkob. 
To make a trianghj of which the sides shall be equal to three 
given straight lines, btU any two whatever of these must 
be greater than the third (1. 20). 

Let A, B, C, be the three given straight lines, of which 
any two whatever are greater than the third, viz. A and 
B greater than C, A and C greater than B, and B and C 
greater than A : it is required to make a triangle, of 
which the sides shall be equal to A, B, C, each to each. 

Take a straight line DE terminated at the point D, 
but unlimited towards E, and (1. 3) 
make DF equal to A, FG equal to 
B, and GH equal to C ; from the 
centre F, at the distance FD, de- 
scribe the circle DKL, and from 
the centre G, at the distance GH, describe the circle 
HLK ; and jom KF, KG : the triangle KFG has its 
sides equal to the three straight lines A, B, C. 

Because the point F is the centre of the circle DKL, 
FD is equal to FK : but FD was made equal to A ; 
therefore also FK is equal to A : Again, because 
G is the centre of the circle HLK, GH is equal to GK : 
but GH was made equal to C; therefore also GK is 
equal to C : And FG is equal to B ; ttieTe^oTe AlV^ ^i}Mt«iVi 
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straight lines KF, FG, GK, are equal to the three 
A, B, C ; and therefore the triangle KFG has its three 
sides KF, FG, GK, equal to the three given straight 
lines A, B, C. q. e. f. 

PROP. XXIII. Prob. 

At a given point in a given straight line^ to make a rectUi' 

neeU angle equal to a given rectilineal angle. 

Let AB be the given straight line, and A the given 
point in it, and DCE the given rectilineal angle : it is 
required to make at the given point A in the given 
straight line AB an angle, equal to the given rectilineal 
angle DCE. 

In CD, CE take any points D, E, and join DE ; and 
make the triangle AFG, the sides of 
which shall be equal to the three 
straight lines CD, DE, EC (I. 22), so 
that AF shall be equal to CD, AG to CE, 
and FG to DE : the angle FAG shall 
be equal to the angle DCE. 

For because DC, CE, are equal to FA, AG, each to 
each, and the base DE to the base FG — therefore (I. 8) 
the angle DCE is equal to the angle FAG : Wherefore, 
at the given point A in the given straight line AB, the 
angle FAG has been made equal to the given recti- 
lineal angle DCE. q. e. f. 

PROP. XXIV. Theor. 
Ifttoo triangles have ttco sides of the one eqtial to ttoo sides 
of the other, each to ea,ch, but the angle contained by the . 
two sides of the one greater than the angle contained 
by the ttoo sides, equal to them, of the other, the base of 
that which has the greater angle shall be greater than the 
base of ths other. 
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Let ABC, DEF be two triangles, which have the two 
sides AB, AC equal to the two DE, DF, each to each, 
viz. AB to DE, and AC to DF, but the angle BAC 
greater than the angle EDF : the base BC shall be also 
greater than the base EF. 

Of the two sides DE, DF, let DE be the side which 
is not greater than the other, and at the point D, in the 
straight line DE, make the angle EDO equal to the 
angle BAC (1. 23) ; make DG equal to AC or DF, and 
join EG, GF. 

Because AB is equal to DE, and AC to DG, the two 
sides BA, AC are equal to the two ED, 
DG, each to each, and the angle BAC 
is equal to the angle EDG — therefore 
the base BC is equal to the base EG 
And because DF is equal to DG, the " i' 

angle DFG is equal to the angle DGF (I. 6) : But the 
angle DGF is greater than the angle EGF; therefore 
the angle DFG is greater than EGF ; much more then 
is the angle EFG greater than the angle EGF : And 
because the angle EFG of the triangle EFG is greater 
than its angle EGF, and that the greater side is opposite 
to the greater angle (I. 19) — ^therefore the side EG is 
greater than the side EF : But BC was proved to be 
equal to EG ; therefore also BC is greater than EF. 

Wherefore, If two triangles S^c, q.e.d. 

PROP. XXV. THEoa. 

If two triangles have two sides of the one equal to two sides 
of the other, &ich to each, but the base of the one greater 
than the base of the other, the angle contained by the sides 
of that which has the greater base shall be greater than 
the angle contained by the sides, equal to themy of the other , 
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Let ABC, DEF be two triangles, which have the two 
sides AB, AC equal to the two sides DE, DF, each to 
each, viz. AB to DE, and AC to DF, but the base BC 
greater than the base EF : the angle BAC shall be 
greater than the angle EDF. 

For, if it be not greater, it must be either equal to it, 
or less : But the angle BAC is not a 
equal to the angle EDF, because 
then the base BC would be equal to 
the base EF (I. 4) ; but it is not— * ^ Jfi * 
therefore the angle BAC is not equal to the angle EDF : 
Neither is it less, because then the base BC woidd be 
less than the base EF (I. 24) ; but it is not — ^therefore 
the angle BAC is not less than the angle EDF : And 
it has been shewn that it is not equal to it ; therefore 
the angle BAC is greater than the angle EDF. 

AVherefore, If two triangles &!C, q.e.d. 



PROP. XXVI. Theor. 

If tiffo triangles have two angles of tJtc one equal to tvx> angles 
of the other t each to each, and one side equal to one side^ 
viz, either the sides ae^ent to the equal angles, or sides 
which are opposite to equal angles in each, then shall the 
other sides he equal, each to each, and also the third angle 
of the one to the third angle of the other. 

Let ABC, DEF be two triangles, which have the 
angles ABC, ACB, equal to the angles DEF, DFE, 
each to each, viz. ABC to DEF, and ACB to DFE, 
and have also one side equal to 
one side, and first, let those sides 
be equal which are adjacent to the 
angles that are equal in the two 
triangles, \\z. BC to EF : then the other sides shall be 
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equal, each to each, viz. AB to D£, and AC to DF, 
and the third angle BAG to the third angle EDF. 

For, if AB be not equal to D£, one of them must 
be greater than the other. Let AB be the greater, 
and make BG equal to D£, and join GC : Then, 
because BG is equal to D£, and BC to EF (Hyp,), 
the two sides GB, BC axe equal to the two D£, £F, 
each to each, and the angle GBC is equal to the angle 
D£F — ^therefore the base GC is equal to the base DF, 
and the triangle GBC to the triangle D£F, and the 
other angles to the other angles, each to each, to which 
the equal sides are opposite ; therefore the angle GCB is 
equal to the angle DF£ : But the angle DF£ is equal 
to the angle ACB (JByp,) ; therefore also the angle GCB 
is equal to the angle ACB, the less to the greater — 
which is absiird: Therefore AB is not unequal to 
D£, that is, it is equal to it ; and BC is equal to EF ; 
therefore the two AB, BC are equal to the two DE, 
EF, each to each, and the angle ABC is equal to 
the angle DEF — ^therefore the base AC is equal to the 
base DF, and the third angle BAC to the third angle 
EDF. 

Next, let sides which are opposite to equal angles 
in each triangle be equal to one ^ ^ 

another, viz. AB to DE : likewise 
in this case, the other sides shall be 
equal, viz. BC to EF, and AC to 
DF, and also the third angle BAC to the third angle 
EDF. 

For if BC be not equal to EF, let BC be the greater, 
and make BH equal to EF, and join AH: Then 
because BH is equal to EF, and AB to DE (Hyp,), 
the two AB, BH are equal to the two DE, EF, each 
to each, and they contain equal angles C/fyp.^ — >i>w£t^- 
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fore the base AH is equal to the base DF, and the 
triangle ABH to the triangle DEF, and the other 
angles to the other angles, each to each, to which the 
equal sides are opposite ; therefore the angle AHB is 
equal to the angle DFE : But the angle DFE is equal 
to the angle ACB (Hyp,) ; therefore also the angle AHB 
is equal to the angle ACB, that is, the exterior angle 
AHB of the triangle AHC is equal to its interior and 
opposite angle ACB — which is impossible (I. 16): 
Therefore BC is not unequal to EF, that is, it is equal to 
it; and AB is equal to DE {Hyp,)\ therefore the two, 
AB, BC, are equal to the two, DE, EF, each to each, 
and they contain equal angles — ^therefore the baise AC 
is equal to the base DF, and the third angle BAC 
to the third angle EDF. 

Wherefore, If two triangles ^c, q.e.d. 



PROP. XXVn. Theor. 

If a straight line, faMing upon two other straight lines, 
makes the aUertuUe angles eqical to one anot/ier, these 
two straight lines shall be parallel. 

Let the straight line EF, which falls upon the two 
straight lines AB, CD, make the alternate angles AEF, 
EFD, equal to one another : AB is parallel to CD. 

For, if it be not parallel, AB and CD being produced 
shall meet either towards B, D, or 

towards A, C : Let them be produced j — \^ 

and meet towards B, D, in the point - — J. -^ 

G : Then GEF is a triangle, and its 
exterior angle AEF is greater than the mterior and 
opposite angle EFG (I. 16) : But it is also equal to it 
{Ilgp.) — which is impossible ; therefore AB and CD 
being produced do not meet towards B, D : And, in 
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like maimer it may be demonstrated that they du uot 
meet towards A, C : But (Def. 35) those sti-aight lines 
which, being produced ever so fwr both ways, do not meet, 
are parallei to one another : Therefore AB is parallel 
to CD. 

"Wherefore, If a straight line S^, q. e. d. 



PROP. XXVin. Theor. 

If a straight line^ falling upon two other straight lines, 
makes the exterior angle eqttal to the interior and opposite 
upon the same side of the line, or makes the interior 
angles upon the same side together equal to two right 
angles, the two straight lines shall be parallel to one 
another. 

Let the straight line EF, which falls upon the two 
straight lines AB, CD, make the exterior 
angle EGB equal to the interior and op- \ _ _^ 

posite angle GHD upon the same side I ^ 




or make the interior angles on the same ^ h^;^ — 5) 

side BGH, GHD together equal to two 
right angles : AB shall be parallel to CD. 

Because the angle EGB is equal to the angle GHD, 
and is also equal to the angle AGH (1. 15), the angle 
AGH is equal to the angle GHD : And they arc al- 
ternate angles ; therefore AB is parallel to CD (1. 27). 

Again, because the angles BGH, GHD are equal to 
two right angles, and that AGH, BGH are also equal 
to two right angles (1. 13), the angles AGH, BGH are 
equal to the angles BGH, GHD : Take away the 
Common angle BGH; therefore the remaining angle 
AGH is equal to the remaining angle GIID : And 
they are alternate angles ; therefore AB is parallel to CD. 

"Wherefore, If a straight line 8i(\ c^. ¥..!>. 
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PROP. XXIX. Theok. 

If a straight line faU upon ttoo parallel straight lines, it 
makes the alternate angles cqwU to one another, and the 
exterior angle equal to the interior and opposite upon the 
same side, and also the ttoo interior angles upon the 
same side together equal to ttoo right angles. 

Let the straight line EF fall upon the parallel straight 
lines AB, CD : it makes the alternate b 
angles AGH, GHD, equal to one another, ^ ^s^ — 5 
and the exterior angle EGB equal to the ^^ 

interior and opposite upon the same side, f 

GHD, and the two interior angles upon the same side, 
BGH, GHD, together equal to two right angles. 

For, if AGH be not equal to GHD, one of them 
must be greater than the other; let AGH be the 
greater: Then, because the angle AGH is greater 
than the angle GHD, add to each the angle BGH; 
therefore the angles AGH, BGH, are greater than the 
angles BGH, GHD : But the angles AGH, BGH, are 
equal to two right angles (I. 13) ; therefore the angles 
BGH, GHD, are less than two right angles : But if a 
straight line falls upon two straight lines, so as to make the 
two interior angles on the same side of it together less than 
two right angles, these straight Unes, being produced, shall 
meet {Ax, 12) ; therefore the straight Ihies AB, CD, if 
produced far enough, shall meet— but they never meet, 
since they are parallel {Hyp,) : Therefore the angle 
AGH is not imequal to the angle GHD, that is, it is 
equal to it : But the angle AGH is equal to the angle 
EGB (1. 15) ; therefore also the angle EGB is equal to 
the angle GHD : add to each the angle BGH ; therefore 
the angles EGB, BGH, arc equal to the angles BGH, 
GHD : But the angles EGB, BGH, are equal to tMo 
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right angles (1. 13); therefore also the angles BGH, 
GHD, are equal to two right angles. 
Wherefore, If a straight line S^, q.b.d. 

PROP. XXX. Theor. 

Straight lines, which are parallel to the same straight line, 
are parallel to one another. 

Let AB, CD be each of them parallel to EF : AB 
is parallel to CD. 

Let the straight line GHK cut AB, EF, CD : Then 
because GHK cuts the parallel straight ^y 

lines AB, EF, the angle AGH is equal ^ -y — ^ 

to the angle GHF (I. 29) : Again, be- g g/ ^ 

cause the straight line GHK cuts the '~^ '. 
parallel straight lines EF, CD, the angle GHF is equal 
to the angle GKD (1. 29) : And it was shewn that the 
angle AGH is equal to the angle GHF ; therefore also 
the angle AGK is equal to the angle GKD : And 
they are alternate angles ; therefore (1. 27) AB is pa* 
raUel to CD. 

Wherefore, Straight lines S^» q.e.d. 

PROP. XXXI. Prob. 

Through a given point to draw a straight litie parallel to 

a given straight line. 

Let A be the given point, and BC the given straight 
line: it is required to draw through the point A a 
straight line parallel to BC. 

In BC take any point D, and join AD ; and at 
the point A, in the straight line AD, 
make the angle DAE equal to the angle 
ADC ; and produce the straight line 
EAtoF*^ 
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Because the straight line AD, falling upon the two 
straight lines EF, BC, makes the alternate angles 
EAD, ADC equal to one another, therefore EF is 
parallel to BC (I. 27) : Wherefore the straight line 
EAF is drawn through the given point A parallel to 
the given straight line BC. q.e.f. 



PROP. XXXn. Theor. 
If any side of a triangle be produced^ the exterior angle 
is equal to the two interior €tnd oj^posUe angles ; and the 
three interior angles of every triaaigle are equal to two 
right angles. 

Let ABC be a triangle, and let one of its sides BC be 
produced to D : the exterior angle ACD 
shall be equal to the two interior and 
opposite angles CAB, ABC; and the 
three interior angles of the triangle, 
BAC, ACB, CBA, are together equal to two right 
angles. 

Through the point C draw CE parallel to the straight 
line AB (1. 31) : Then because AB is parallel to CE, 
and AC meets them, the alternate angles BAC, ACE 
are equal (1. 29) : Again, because AB is parallel 
to CE, and BD falls upon them, the exterior angle 
DCE is equal to the interior and opposite angle CBA 
(1. 29) : But the angle ACE was shown to be equal 
to the angle BAC ; therefore the whole exterior angle 
ACD is equal to the two intmor and opx>06ite angles 
BAC, CBA : To each of these equals add the angle 
ACB; therefore the angles ACD, ACB, are equal to 
the three angles BAC, ACB, CBA : But the angles 
ACD, ACB are equal to two right angles (1. 13); 
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therefore also the angles BAG, ACB, CBA, are equal 
to two right angles. 
Wherefore, If a side of a trimigle Sjc, q.e.d. 

Cob. 1. AU the interior angles of any rectilineal 
figure, together with four right angles, are 
equal to twice as many right angles as 
the figure has sides. 

For any rectilineal figure ABODE can 
be diyided into as many triangles as the 
figure has sides, by drawing straight lines from any 
point F within the figure to each of its angles. Now, 
by the preceding proposition, all the angles of these 
triangles are equal to twice as many right angles as 
there are triangles, that is, as there are sides of the 
figure : But all the angles of the tri£uigles make up 
the angles of the figure, together with the angles at 
the point F, that is, together with four right angles 
(I, l5. Cor, 2) ; Wherefore all the angles of the figure, 
together with four right angles, are equal to twice as 
many right angles as the figure has sides. 

CoR. 2. All the exterior angles of any rectilineal 
figure are together equal to four right angles. 

For every interior angle ABC, with its adjacent 
exterior ABD, is equal to two right 
angles (1. 13) ; therefore all the interior 
angles, together with all the exterior, 
are equal to twice as many right angles 
as there are sides of the figure, that 
is, by the foregoing corollary, arc equal to all the in- 
terior angles, together with four right angles : Where- 
fore all the exterior angles arc equal to four right 
angles. 





34 Euclid's elements. 

PROP. XXXin. Theok. 

The straight lineSf which join the extremities of ttco equal 
and parallel straigJU lines Unoards the same parts, are 
also themselves equal and parallel. 

Let AB, CD, be equal and parallel straight lines, 
joined towards the same parts by the straight lines 
AC, BD : AC, BD, are themselyes equal and parallel. 

Join BC : Then because AB is parallel to CD, and 
BC meets them, the alternate angles ^ D 

ABC, BCD are equal (1. 29) : And 
because AB is equal to CD {Hyp,), and 
BC common to the two triangles ABC, ^ " 

DCB, the two sides AB, BC, are equal to the two 
DC, CB, and the angle ABC is equal to the angle 
BCD — ^therefore the base AC is equal to the base BD, 
and the triangle ABC to the triangle BCD, and the 
other angles to the other angles, each to each, to which 
the equal sides are opposite ; therefore the angle ACB 
is equal to the angle CBD : And because the straight 
line BC falling on the two straight lines AC, BD, 
makes the alternate angles ACB, CBD equal to one 
another, AC is parallel to BD (1. 27); and it has 
been shewn to be equal to it. 

Wherefore, Straight lines fy;. q. e. d. 



PROP. XXXTV. Thbor. 
The opposite sides and angles of parcdMograms are equal to 
one another, and the diameter bisects them, that is, 
divides them into two equal parts, 

N.B.— A parallelogram is a four-sided figure, of which the 
opposite sides are parallel; and the diameter it the straight line 
joining two of its opposite angles. 
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Let ACDB be a parallelogram, of which BC is a 
diameter : the opposite sides and angles of the figure are 
equal to one another, and tlie diameter BC bisects it. 

Because AB is parallel to CD, and BC meets them, 
the alternate angles ABC, BCD are equal ^ 
to one another (I. 29) ; and because AC V ~7^, 
is parallel to BD, and BC meets them, vj1___A 
the alternate angles ACB, CBD, are ^ ^ 

equal to one another: Therefore the two triangles 
ABC, CBD have two angles ABC, BCA in the one, 
equal to two angles BCD, CBD in the other, each 
to each, and one side BC common to the two triangles, 
which is adjacent to their equal angles — therefore (1. 26) 
their other sides are equal, each to each, and the 
third angle of the one to the third angle of the other 
viz. the side AB to the side CD, and AC to BD, and 
the angle BAC to the angle BDC : Then because the 
angle ABC is equal to the angle BCD, and the angle 
CBD to the angle ACB, therefore the whole angle 
ABD is equal to the whole angle ACD ; and the angle 
BAC has been shown to be equal to the angle BDC ; 
therefore the opposite sides and angles of parallelograms 
are equal to one another : Also, the diameter bisects 
them; for AB being equal to CD, and BC common, 
the two AB, BC arc equal to the two DC, CB, each to 
each, and the angle ABC is equal to the angle BCD — 
therefore the tiiangle ABC is equal to the tiiangle 
BCD, and the diameter BC divides the parallelogram 
ACDB into two equal parts. 

AVhcrefore, The opposite sid^s &;c, q.e.d. 

PROP. XXXV. TiiEOR 

ParaUeloyra^n& upon the same base, and between the same 

parallels, are equal to one another. 
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Let the parallelograms ABCD, EBCF be upon the 
same base BC, and between the same parallels AF, 
BC ; the parallelogram ABCD shall be equal to the 
parallelogram EBCF. 

If (fig. 1) the points D, E, comcide, it is plain that 
each of the parsJlelograms ABCD, DBCA, is double 
of the triangle BDC (I. 34), and they are therefore 
equal to one another. 

But if (fig. 2 and 3) the points D, E, do not coincide, 
then, because ABCD is a parallelogram, AD is equal to 
BC (I. 34) : For the like reason EF is equal to BC ; 
and therefore AD is equal to EF : In fig. 2 add DE 
to each, in fig. 3 take DE fi:om each ; then the whole, 
or the remainder AE, is equal to the whole, or the re- 
mainder DF : And AB is equal to DC ; therefore the 
two EA, AB are equal to the two FD, DC, each to 
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each, and the angle EAB is equal to the angle FDC 
(I. 29) — ^therefore the base EB is equal to the base FC, 
and the triangle EAB to the triangle FDC: Take 
the triangle FDC from the trapezium ABCF, and from 
the same trapezium take the triangle EAB ; then the 
remainders are equal, that is, the parallelogram ABCD 
is equal to the parallelogram EBCF. 

Wherefore, Parallelograms upoti the same base S^, 
Q.E.n. 



PROP. XXXVI. Theor. 

PardUelograms upon equal bases, and between the same 

parallels, are equal to one another. 
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Let ABCB, £FGH be parallelograms upon equal 
bases BO, ^G, and between the same parallels AH, 
hOt : iiie parallelogram ABCD shall be equal to EFGH. 

^oin BE, CH: Then because BC is equal to FG, 
and FG to EH (I. 34), BC is equal to ^ 3, ,. „ 
"RH : And they are also parallels, and 



1^ 



joined towards the same parts by the 
straight lines BE, CH: But straight » cT F o 
lines which join the extremities of two eqwd and parallel 
ttraiffht Une$ towards the same parts, are themselves equal 
and parallel (1. 33) ; therefore EB, CH are both equal 
and parallel, and EBCH is a parallelogram, and it is 
equal to ABCD, because it is upon the same base BC, 
and between the same parallels BC, AH (1. 35) : For 
the like reason, the parallelogram EFGH is equal to 
the same EBCH: Therefore also the parallelpgram 
ABCD is equal to EFGH. 
Wherefore, Parallelograms S^, q. e, d. 

PROP. XXXVn. Thbor. 

Triangles vpon the same hose, and between the same 

parallels^ are equal to one another. 

Let the triangles ABC, DBC be upon the same 
base BC, and between the same parallels AD, BC : the 
triangle ABC shall be equal to the triangle DBC. 

Produce AD both ways to the points E, F, and 
through B draw BE parallel to CA 
(I. 31), and through C draw CF pa- \ \ ? — ? 
rallel to BD: Then each of the ^\\VA / 
figures EBCA, DBCF is a parallelo- ^^--^ 

gram; and EBCA is equal to DBCF, 
because they are upon the same base BC, and between 
the same parallels BC, EF (1. 36) : But the triangld 
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ABC is half of the parallelogram EBCA, because the 
diameter AB bisects it (1. 34) ; and the triangle DBC 
is half of the parallelogram DBQF, because the diameter 
DC bisects it: But the halves of equal things are 
equal {Ax. 7) ; therefore the triangle ABC is equal to 
the triangle BBC. 
Wher^OTef Tricmglea S^, q.e.d. 

PROP. XXXVm. Thbor. 

Trianfflea tqxm equal baseSf and between the same parallels, 

are egntal to one another. 

Let the triangles ABC, BEF be upon equal bases 
BC, EF, and between the same parallels BF, AB : the 
triangle ABC shall be equal to the triangle BEF. 

Produce AB both ways to the points G, H; and 
through B draw BG parallel to CA, 

and through F draw FH parallel to ^ — tt^ ? 

EB: Then each of thefiguresGBCA, \/\ \\\ 

BEFH, is a parallelogram; and they ^ — cIb^ 
are equal to one another, because they 
are upon equal bases BC, EF, and between the same 
parallels BF, GH (I. 36) : But the triangle ABC is 
half of the parallelogram GBCA, because the diameter 
AB bisects it (1. 34) ; and the triangle BEF is half of 
the parallelogram BEFH, because the diameter BF 
bisects it : But the halves of equal things are equal ; 
therefore the triangle ABC is equal to the triangle 
BET. 

Wherefore, Tnaw^fe* ^c. q.e.d. 



PROP. XXXrX. Theor. 

jS^^Ko/ triangles upon the same base, and upon the same side 
qfitf are between tTie same parallels. 
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Let fhe equal triangles, ABC, DBC, be upon the same 
base BC, and upon the same side of it : they shall be 
between the same parallels. 

Join AD ; AD is parallel to BC : For, if it is not, 
through the i>oint A draw A£ parallel to 
BC, and join EC : Then the triangle ABC 
is equal to the triangle EBC, because they 
are upon the same base BC, and between 
the same parallels BC, A£ (1. 37) : But 
the triangle ABC is equal to the triangle DBQ (Hyp) ; 
therefore also the triangle DBC is equal to the triangle 
EBC — ^the greater to the less, which is absurd : There- 
fore AE is not parallel to BC : And, in like manner, it 
may be demonstrated that no other line but AD can be 
parallel to BC ; therefore AD is parallel to BC. 

Wherefore, Equal trianglea upon S^c, q. e. d. 



PROP. XL. Theor. 
Equal triangles upon equal bases, in the same straight line, 
and on the same side of it, are between the same parol' 
Ms. 

Let the equal triangles, ABC, DEF, be upon equal 
bases BC, EF, in the same straight line BF, and 
on the same side of it: they shall be between the 
same parallels. 

Join AD ; AD is parallel to BC : For, if it is not, 
through A draw AG parallel to BF, 
and join GF: Then the triangle 
ABC is equal to the triangle GEF, 

because they are upon equal bases » cB ^ 

BC, EF, and between the same parallels BF, AG (I. 38) : 
But the triangle ABC is equal to the triangle DEF 




40 Euclid's elements. 

{Hyp.) ; therefore also the triangle D£F is eq\ial to the 
triangle GEF — ^the greater to the less, which is absurd : 
Therefore AG is not parallel to BF : And, in like 
manner, it may be demonstrated that no other line but 
AD can be parallel to BF : Therefore AD is parallel 
toBF. 
Wherefore, E^ptal triangles Sfc, q.e.d.. 

PROP. XU. Theqr, 
If a pamUeJogram and a triangle be upon the same bMe, 
and between the same parallelSf the parallelogram shaU be 
double of the triangle. 

Let the parallelogram ABCD and the triangle EBC 
be upon the same base BC, and between the same 
parallels BC, AE : the parallelogram ABCD shall be 
double of the triangle EBC. 

Join AC : Then the triangle ABC is equal to the 
triangle EBC, because they are upon the ^ j> k 
same base BC, and between the same r:;" "rpj 
parallels BC, AE (I. 37) : Buttheparal- \/<j/ 
lelogram ABCD is double of the triangle £^- — -^ 
ABC, because the diameter AC bisects it 
(1. 34) ; Therefore also the parallelogram ABCD is 
double of the triangle EBC. 

Wherefore, ^f a parallelogram 8^. q. e. d. 

PROP. XLn. Prob. 

To describe a parallelogram tJuxt shall be equal to a given 

triangle, and have one of its angles equal to a given 
rectilineal angle. 

Let ABC be the given triangle, and D the given 
rectilineal angle : it is required to describe a parallelo- 
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gram that shall be equal to the given triangle ABC, 
and have one of its angles equal to D. 

Bisect BC in £ (1. 10) ; jom A£, and at the point E 
in the straight line C£ make the 
angle CEF equaltoD (1. 23) ; and 
through A draw AG parallel to 
EC (1. 31), and through C draw 
Ca paraUel to EF. 

Then FEC6 is a parallelogram : And because BE is 
equal to EC, the triangle ABE is equal to the triangle 
AEC (1. 38), since they are upon equal bases BE, EC, 
and between the same parallels BC, AG ; therefore the 
triangle ABC is double of the triangle AEC : But the 
parallelogram FECG is likewise double of the triangle 
AEC (1. 41 )» because they are upon the same base, and 
between the same parallels : Therefore the parallelogram 
FECG is equal to the triangle ABC (Ax, 6), and it has 
one of its angles CEF equal to the giyen angle D : 
Wherefore there has been described a parallelogram 
FECG equal to a given triangle ABC, and having one 
of its angles CEF equal to the given angle D. q. e. f. 



PROP. XLin. Theor. 
The complements of the parcMelofframs, which are about the 
diameter of amy pa/rallelogramy cure equal to one another. 

Let ABCD be a parallelogram, of which the diameter 
is AC, and EH, FG the parallelograms about AC, that 
is, through which AC passes, and BK, KD the other 
parallelograms which make up the whole figure ABCD, 
and are therefore called the complements : the comple- 
ment BK is equal to the complement KD. 

For because ABCD is a parallelogram.^ «isvd K.C!) \>js 
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diameter, the triangle ABC is equal to ^ ^^ 
the triangle ADC (1. 34) : And, because 
AEKH is a paraQelogram» and AK its 



diameter, the triangle AEK is equal ta ^-j^ -^ 

the triangle AHK : And, for the like 
reascoi, t^e triangle KGC is equal to the triangle EIFC : 
Therefore, beeause the triangle AEK is equal to the 
triangle AHK, and the triangle KGC to the triangle 
KFC, the triangle AEK toge^^ with the triangle KGC 
is equal to the triangle AHK together with the triangle 
KPC : But the whole triangle ABC is equal to the whole 
triangle ABC ; therolbre the remainder, the complement 
BK, is equal to the remainder, the oomplemoiit KI)« 
Wherefore* The comphmenU 4«« Q««.B« 

PROP. XUV. PaoB. 

To a given straight line to applyi a parallelogram, which 
shall be equal to a given tricmgle, and have one of its 
angles equal to a given rectilineal angle. 

Let AB be the given straight line, and C the given 
triangle, and D the given rectilineal angle : it is required 
to apply to the straight line AB a parallelogram equal 
to the triangle C, and having an angle equal to D. 

Make the paraUelogram BEFG equal to the triangle 
C, and having the angle EBG 
equal to the angle D (1. 42), 
and place it so that BE may be 
in the same straight line with 
AB; produce FG to H, and 
through A draw AH parallel to BG or EF, and join HB : 
Then, because the straight lineHF falls upon the parallels 
AH, EF, the angles AHF, HFE are together equal to two 
right angles (|. ^) : Therefore the angles BHF, HFE are 
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together less than two right angles : But if a atraight line 
faU %q)on two straight lines, so as to make the two interior 
angles on the same side of it together less than two right 
angles f the two straight lines, being produced, shall at length 
meet {Ax, 12) ; therefore HB, FE shall meet, if produced : 
Let them he jxroduced to meet in K» and through K 
draw KL parallel to £A or FH, and produce HA, OB 
to the points L, M. 

TheBL HLKFis a parallelogram, of which the diameter 
k HK ; and AG, MB are the parallelograms ahout HK, 
and LB, BF are the complements; theief(»re LB is 
equal to BF (1.43): But BF is equal to the triangle C ; 
wherefinre LB is equal to the triangle C : And because 
the angle QBE is equal to the angle ABM (1. 15), and 
likewise to the angle D (Constr.), therefore the angle 
ABM is equal to the angle D : Wherefore to the given 
straight line AB the parallelogram LB has been applied, 
equal to the triangle C, and haying the angle ABM 
equal to the angle D. q. e. f. 

PROP. XLV. PaoB. 
To describe a parallelogram equal to a given rectilineeU 
Jigure, and having on angle equal to a given rectilineal 
angle. 

Let ABCD be the given rectilineal figure, and £ the 
given rectilineal angle: it is required to describe a 
parallelogram equal to ABOD, and having an angle 
equal to £. 

Join DB ; and describe the parallelogram FH equal 
to the triangle ADB, and having 

the angle HKF equal to the angle -^ ^ , i — j—i 

B (1. 42) ; and to the straightline \ / \^/ / / 
OH apply the parallelogram OM ^ — j JtshL 
equal to the triangle DBG, and * 

having the angle GHM equal to tke wi^<&l£> V>. ^^- 
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Then, because the angle £ is equal to each of the 
angles FKBL, 6HM, the angle FKH is equal to GHM : 
To each of these equals add the angle KH6 ; therefore 
the angles FKH, KHG are equal to the angles KHG, 
OHM : But FKH, KHG are equal to two right angles 
(1. 29) ; therefore also KHG, GHM are equal to two right 
angles : And because at the point H in the straight 
Une GH, the two straight Unes KH, HM, upon opposite 
sides of GH, make the adjacent angles together equal 
to two right angles, KH is in the same straight line 
with HM (1. 14) : Again, because the straight line 
GH meets the parallels FG, KM, the alternate angles 
FGH, GHM are eqiial : To each of these equals add 
the angle HGL ; therefore the angles FGH, HGL are 
equal to the angles LGH, GHM : But the angles LGH, 
GHM are equal to two right angles (1. 29) ; therefore 
also the angles FGH, HGL are equal to two right 
angles, and therefore FG is in the same straight line 
with GL (1. 14) : And because FK is parallel to GH 
{Cfmstr,), and GH to LM, FK is parallel to LM (I. 30) ; 
and FL, KM are parallels ; there '^ore FKML is a paral- 
lelogram : And because the parallelogram FH is equal 
to the triangle ABD, and the parallelogram GM to the 
triangle DBC, the whole parallelogram FKML is equal 
to the whole rectilineal figure ABCD : Wherefore 
the parallelogram FKML has been described equal to 
the given rectilineal figure ABCD, and having the angle 
FKM equal to the given angle £. q.e.f. 

Cor. From this it is manifest, how to a given straight 
line to apply a parallelogram, equal to a given recti- 
lineal figure, and having an angle equal to a given 
rectilineal angle, viz. by applying to the given straight 
line a parallelogram equal to the first triangle ABD, and 
having an ang](g equal to the given angle (1. 44) ; &c. 
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PROP. XLVI. Peob. 
To desert a square upon a given straight line. 

Let AB be the given, straight line : it is required to 
describe a square upon AB. 

Fxom the point A draw AC at right angles d 

to AB (1. 11) ; make AD equal to AB, and n j" 

through the point D draw DE parallel to 

AB, and through B draw BE parallel to ^ ^ 

AD. 

Then ADEB is a parallelogram, and therefore AB is 
equal to DE, and AD to BE (l. 34) : But AB is equal 
to AD ; therefore the four straight lines AB, AD, DE, 
BE are equal to one another, and the parallelogram 
ADEB is equilateral: Also all its angles are right 
angles : For because the straight line AD falls on the 
two parallels AB, DE, the angles BAD, ADE are equal 
to two right angles (1. 29) : But BAD is a right angle 
{Conatr,) ; therefore also ADE is a right angle : But 
the opposite angles of parallelograms are equal (1. 34) ; 
therefore each of the opposite angles ABE, BED is a 
right angle : Therefore the figure ADEB is rectangular ; 
and it has been shewn to be equilateral ; therefore it is 
a square {Def, 30), and it is described upon the given 
straight line AB . q. e. f. 

Cor. Hence every parallelogram that has one right 
angle has all its angles right angles. 

PROP. XLVII. Thbor. 

In any right-angled triangle, the square which is described 
vpon the side subtending the right angle is equal to the 
squares described upon the sides which contain the right 
angle. 
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Let ABC be a right-angled triangle having the right 
angle BAG . the square described upon the side BC is 
equal to the squares described upon BA, AC. 

On BC describe the square BDEC (1. 46), and on 
BA, AC the squares GB, HC ; and 
through A draw AL parallel to BD 
or CE, and join AD, FC. 

Then, because each of the angles 
BAC, BAG is a right angle, the two 
straight lines AC, AG, upon op- 
posite sides of AB, make with it at 
the point A the adjacent angles equal to two right 
angles ; therefore CA is in the same straight line with 
AG (1. 14) : For the same reason, AB and AH are in 
the same straight line : And because the angle DBC is 
equal to the angle FBA, each of them being a right 
angle, add to each the angle ABC ; then the whole 
angle DBA is equal to the whole FBC : And because 
the two sides AB, BD are equal to the two FB, BC, 
each to each, and the angle DBA is eqUal to the angle 
FBC — ^therefore the base AD is equal to the base FC, 
and the triangle ABD to the triangle FBC : But the 
parallelogram BL is double of the triangle ABD, because 
they are upon the same base BD, and between the same 
parallels BD, AL (1. 41) ; andjthe square GB is double 
of the triangle FBC, because they are upon the same 
base FB, and between the same parallels FB, GC ; and 
the doubles of equals are equal to one another ; therefore 
the parallelogram BL is equal to the square GB : 
And, in like manner, by joining AE, BK, it may be 
demonstrated, that the parallelogram CL is equal to the 
square HC : Therefore the whole square BDEC is equal 
to the two squares GB, HC : But the square BDEC is 
described upon the straight line BC, and the squares 



1 



BOOK I. 47 

6B, HC upon BA, AC ; therefore the square upon the 

side BC is equal to the squares upon the sides BA, AC. 

Wherefore, In any right- angled triangle Sfc, q.e.d. 

PROP. XLVm. Theor. 

If the square described upon one of the sides of a triangle 
he equal to the squares described upon the other two sides 
of it, the angle contained by these two sides is a right 
amgle. 

Let the square described upon BC, one of the sides 
of the triangle ABC, be equal to the squares upon the 
other sides BA, AC : the angle BAC shall be a right 
angle. 

From the i>oint A draw AD at right angles to AC 
(1. 11 >, and make AD equal to BA, and join 
DC : Then, because DA is eq\ial to B A, the 
square of DA is equal to the square of B A : 
To each of these add the square of AC ; there- 
fore the squares of DA, AC are equal to the 
squares of BA, AC : But the square of DC is equal to 
the squares of DA, AC, because DAC is a right angle 
(1. 47), and the square of BC is equal to the squares of 
BAl, AC (Hyp.) ; therefore the square of DC is equal to 
the square of BC, and therefore also the side DC is 
equal to the side BC : And because DA is equal to 
BA, and AC common to the two triangles DAC, BAC, 
the two DA, AC are equal to the two BA, AC, each to 
each, and the base DC is equal to the base BC — there- 
fore the angle DAC is equal to the angle BAC (1. 8) : 
But the angle DAC is a right angle ; therefore also the 
angle BAC is a right angle. 

Wherefore, If the square 8^c, q.e.d. 




( 48 ) 



PROBLEMS. 



BOOK L 



tTfa6 more difficall Finbblems are disti&g&ished by a space being 

left at the banning.] 

1. On a giyen line describe an isosceles triangle^ 
teach of whose equal sides shall be double of the base. 

2. K two circles cut each other, the line joining their 
joints of intersection is bisected at right angles by the 
line joining their centres. 

3. ^om every point of a given line, the lines drawn 
to each of two given points on opposite sides of the line 
are equal ; prove that the line joining the given points 
'win bisect tiie given line at right angles. 

4. The perpendicular is the shortest line that can be 
drawn from a given point to a given line, and that 
which is nearer to the perpendictuar is less than one 
more remote ; and from the same eiven point there can 
be drawn only two equal lines to the given Une, one on 
each side of tne shortest line. 

6, From a given point without a giyen line draw 
a line making a given angle with it. 

6. Construct a triangle, having given two sides and 
an angle opposite to one of them ; and shew that there 
may, accordmg to circumstances, be two solutions, one, 
or none. 

7. Describe a circle which shall pass through two 
given points, and have its centre in a given line. 
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8. From two ^ven points on the same side of a given 
line, draw two lines which shall meet in that line and 
make equal angles with it. 

9. On a given line describe a square of which the 
line shall be the diagonal. 

10. Take any point D in AB one of the sides of 
a triangle ABC, right-angled at A ; in DC take DE 
equal to AC, and bisect CE in F : then shew that 
DF, BF, (drawn to a point F within the triangle ABC 
but not from the extremities of the base) are together 
greater than AC, BC. 

11. The difference of any two sides of a triangle is 
less than the third side. 

12. Let AB bisect CD at right angles in B ; from 
anypoint E draw EC through the nearest extremity 
of CD cutting AB in F ; and prove that the difference 
of EF and DF is greater than that of any other two 
lines drawn frt)m E and D to meet in the line AB. 

13. The sum of the diagonals of a quadrilateral is 
less than the sum of any four lines that can be drawn 
from any point whatever (except the intersection of the 
diagonals) to the four angles. 

14. Construct a triangle, having given one side, an 
adjacent angle, and the sum or difference of the other 
two sides. 

15. The centre of a circle being given, find two 
opposite points in the circumference by means of a 
pair of compasses only. 

16. From a given point draw three lines of given 
lengths, so that their extremities may be in one line, 
and equally distant from each other. 

17. In the fi^e, Eiic. 1. 5, if BG, CF meet in H, 
shew that AH boects the angle BAC. 

18. If a line which bisects the vertical angle of a 
triangle also bisects the base, the triangle is isosceles. 

19. From a given point draw a line making equal 
angles with two givenlines. 
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20. Through a giyen point draw a line, so that the 
perpendiculars upon it from two other given points, may 
be equal to each other. 

21. The lines bisecting the angles of a triangle 
meet all in one point. 

22. The lines bisecting at right angles the sides of 
a triangle meet all in one point. 

2^ If two sides of a triangle be produced, the lines, 
which bisect the two exterior angles and the third 
interior angle, meet all in one point. 

24. If an^ line, joining two parallel lines, be bisected, 
any other line, drawn through the point of bisection to 
meet the two lines, will be bisected in that point. 

25. The diameters of a parallelogram bisect each 
frther. 

26. A rhombus is a parsQlelogram, and its diagonals 
bisect each other at right angles. 

27. The line, which joins the middle points of the 
oblique sides of a trapezium, is equal to the semi-sum of 
the two parallel sides. 

28. The parallelograni, whose diameters are equal, is 
rectangular. 

29. From a given isosceles triangle cut off a trape- 
zium, which sluiU have the same base as the triangle 
and its remaimng three sides equal to each other. 

30. When the comer of a leaf of a book is twice 
turned down, so that the creases are parallel and the 
triangular fold of the same breadth as the other, shew 
that the space included in the second fold is three 
times that in the first. 

31. The quadrilateral figure, whose diameters bisect 
each other, is a parallelogram. 

32. Draw a line which would, if produced, bisect 
the angle between two given lines, without producing 
them to meet. 
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33. Draw a line DE, parallel to the base BC of a 
triangle ABC, so that DE is equal to the sum of BD 
andCE. 

34. Draw a line DE, parallel to the base BC of a 
triangle ABC, so tliat DEis equal to the difference 
of BD and CE. 

35. If AB be bisected in C, and from A, B, C parallel 
lines be drawn cutting a given line in D, E, F, shew 
that, according as A and B lie on the tame or qpponte 
sides of the line, CF is equal to the semi-sum or semi- 
difference of AD and BE. 

36. Through a giyen point draw a line, such that the 
parts intercepted by it and two given lines may be 
equal. 

37. If from the base to the sides of an isosceles tri- 
angle, three lines be drawn, maldng equal angles with 
the base, viz. one from its extremity, the other two from 
any point in it, these two are together equal to the 
first. 

38. ABCD is a parallelogram ; throu|;h A draw any 
line, and shew that the distance of C £om this line is 
equal to the sum or difference of the distances of B and D, 
according as the line passes without or within the 
parallelogram. 

39. From a ^ven point without the angle contained 
by two given Imes, draw a line so that tae part of it 
between the given point and the nearest line may be 
equal to the part between the two given lines. 

40. Of all triangles, having the same vertical angle, 
and whose bases pass through a given point, the least 
is that whose base is bisected in that point. 

41. Find a point in the diagonal produced of a 
smiare, from which if a line be £:awn parallel to any 
side of the square, and meeting another side produced, 
it will form, with the produced diagonal and produced 
side, a triangle equal to the given square. 

42. In the figure, Euc. 1. 5, if BG, CF meet in H, 
and the angles FBG, ABC be equal, thea ^<& ve!^^ 
BHF is doi^le of the angle ABC. 
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43. If in the figxire, Euc. 1. 1, CA, CB be produced to 
meet the circumference in D, E, and F be the other 
point of intersection of the circles, shew that DF, EF 
are in one line. 

44. Trisect a right angle. 

45. One of the acute angles of a right-angled tri- 
angle is three times as great as the other : trisect the 
snuiller of these. 

46. If the base of an isosceles triangle be produced, 
twice the exterior angle is greater than two right angles 
by the vertical angle. 

47. If there be an isosceles and an equilateral triangle 
upon the same base, and so that the inner vertex is 
equally distant from the other and from the extremities 
of the base, then, according as that of the former is the 
inner or outer vertex, its base angle will be j or 2 J times 
the vertical. 

48. Trisect a given line : and hence divide an equi- 
lateral triangle into nine equal parts. 

49. The difference of the angles at the base of any 
triangle is double of the angle between two lines drawn 
from the vertex, one bisecting the vertical angle and 
the other perpendicular to the base. 

50. In the base BC of an isosceles triangle take any 
point D ; in CA make CE equal to CD, and let ED 
cut AB in F : then shew that three times the angle 
AEF is greater than four right angles by the angle 
AFE. 

51. If the sides of any polygon be produced to 
meet, the angles formed by uiese lines, together with 
eight right angles, are togemer equal to twice as many 
right angles as the figure has sides. 

52. If the base angle of an isosceles triangle be one- 
fourtli of the vertical angle, and from it a line be drawn 
perpendicular to the base to meet the opposite side pro- 
duced, then the part produced, the perpendicular, and 
the remaining side, wul form an equilateral triangle. 



\ 
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63. ABC is a triangle, right-angled at A, and 
haying the angle B double en the angle C : shew 
that the side CB is double of the side AB. 

54. If the three angles of a triangle be bisected, 
and one of the bisecting lines be produced to meet 
the opposite side, the angle contamed by this line 
produced and (me of the others is equal to the angle 
contained by the third line and a perpendicular from 
their conmxon point of intersecticm to the side afore- 
said. 

66. If the opposite sides or opposite angles of a 
quadrilateral be equal, the figure will be a parallelo- 
gram. 

56. If in the sides of a square, at equal distances 
ftora the four ancles, four points be taken, one in each 
side, the figure formed by joining them will also be a 
square. 

57 • Let AD, AE be squares upon the sides of the 
right-angled triangle ABC, and drop DF, EG, per- 
pendicumrs on the hypothenuse BC produced : then 
BC and the triangle ABC are respectiyely equal to 
the sum of DF and EG, and of the triangles DBF 
and ECG. 

58. If two opposite sides of a parallelogram be bi- 
sected, the lines drawn from the points of bisection 
to the opposite angles will bisect the diagonal. 

59. Giyen the perpendicular from the vertex on 
the base, and the difference between each side and 
the adjacent segment of the base: construct the 
triangle. 

60. Let AD be drawn perpendicular to the base 
BC of a triangle, in which the angle B is double 
of the angle C ; in AB, produced or not^ according 
as the angle B is greater or less than a right angle, 
take BE equal to BD, and draw EDF cutting AC in 
P: then FA, FC, FD are equal to one another, and 
the triangles ABC, AFE are equian^ulax. 
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61. In [60] shew that the less side AB is equal 
to the sum or difference of the segments of the base, 
according as the greater angle B is greater or less than 
a right angle. 

62. The lines which bisect the angles of any paral- 
lelogram, form a rectangular parallelogram, whose 
diameters are parallel to the sides of the former. 

63. AD, BC are two parallel lines cut obliquely 
by AB and perpendicularly by AC ; BED is drawn 
cutting AC in E, so that ED is equal to twice AB : 
prove that the angle DBC is one-third of the angle 
ABC. 

64. In a given triangle place a line which shall be 
terminated by the two sides, and be equal to one given 
line and parallel to another. 

65. Any line drawn through the bisection of the 
diagonal of a parallelogram to meet the sides is bisected 
in mat point, and also bisects the parallelogram. 

66. Through a given point draw a line, so that the 
part of it intercepted between two given parallel lines 
may be equal to a given line. 

67. In any right-angled triangle, the middle point 
of the hypomenuse is equally distant from the three 
angles. 

68. In any triangle ABC, if BE, CF be perpendicu- 
lars on any line through A, and D be the bisection 
of BC, shew that DE = DF. 

69. If from the right angle of a triangle two lines 
be drawn, one bisecting the base and the other per- 
pendicular to it, they will contain an angle equal to the 
difference of the two acute angles of the triangle. 

70. Find the point in the base of a triangle, from 
which lines drawn parallel to the sides to meet them 
are equal. 

71. The area of a trapezium is half that of a pa- 
rallelogram, whose base is the sum of the two parallel 
sides, and altitude the perpendicular distance between 
them. 
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72. On tbe sides AB, AC of tf: tridngle describe 
parallelograms ABDE, ACFO, and produce DE, FG 
to meet in H : then the area of these pitfallelograms 
together is equal to the area of the parallelogram on 
BC, whose side is equal and parallel to AH. 

73. Upon a given base describe an isosceles triangle 
equal to a giyen triangle. 

74. Shew that the perimeter of an. isosceles triangle 
is less than that of any other equal triangle upon me 
Bune base. 

75. Of all triangles haying the same base and pe- 
rimeter, the greatest is that which is isosceles. 

76. From a given point, in one of the equal sides 
of an isosceles triangle, draw a line, meeting the other 
side produced, which shall make with these sides a 
triangle equal to the given triangle. 

77. If one an^le of a triangle be a right angle, and 
another be two-thirds of a right angle, shew mat the 
equilateral triangle on the hypothenuse is equal in 
area to the stmi of those on the sides. 

78. Convert a trapezium into a triangle of equal 
area with one angle common; and hence shew how 
to transform any rectilineal figure into a triangle, whose 
vertex shall be in a given angle of the figure and base 
in one of the sides. 

79. Given a triangle ABC and a point D in AB : 
construct another triangle ADE equal to the former, 
and having the common angle, A* 

80. Change a triangle into another equal one of 
given altitude. 

81. In any given line, AB is taken half of AC : if 
through B, C, parallel lines be drawn, cutting any other 
Une mrough A in D, E, then AD is half of AE, and 
BD of CE, and the triangle ABD a fourth of the 
triangle ACE; and, conversely, if BD be such that 
AD is half of AE, then BD is parallel to CE. 

82. If the sides of any quadrilateral be bisected and 
the points of bisection joined, the meVoA^^ ^v!sg^% "«» 
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a parallelogram, and equal in area to half the original 
figure : shew also that the lines joining the bisections 
of opposite sides bisect each other. 

83. Through D, E, the bisections of the sides AB, 
AC of a triangle, draw DF, EF parallel to BE, AB ; 
and shew that the sides of the triangle DCF are equal 
to the three lines drawn from the angles to bisect 
the sides. 

84. Bisect a triangle by a line drawn from a given 
point in one of its sides. 

85. If from any point in the diagonal of a parallelo- 
gram lines be drawn to the angles, the parallelogram 
will be diyided into two pairs of equal triangles. 

86. Through E, the bisection of the diagonal BD 
of a quadrilateral ABCD, draw FEG parallel to AC ; 
and shew that AG will bisect the figure. 

87. ABC is a given triangle ; draw BD, CE per- 
pendicular to BC and on the same side of it, each 
equal to twice the altitude of the triangle; bisect 
AB, AC in F, G ; and shew that the triangle ABC 
is equal to the sum or difference of the triangles 
BDF, CEG, according as the angles at the base of 
ABC are both or only one acute. 

88. If of the four triangles, into which the diagonals 
divide a quadrilateral, two opposite ones are equal, the 
quadrilateral has two opposite sides parallel. 

89. Upon stretching two chains AC, BD across a 
field, ABCD, I find that AC, BD make equal angles 
with CD, and that AC makes with AD the same 
angle that BC does with BD : hence prove that AB 
is parallel to CD. 

90. The three lines, joining the angular points of 
a triangle with the middle points of the opposite sides, 
intersect in one point, and trisect the triangle. 

91 . Shew that any one of the lines in [90] is divided 
in the point of intersection, so that one of the parts is 
double of the other. 
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92. If two sides of a triangle be given, its area will 
be greatest when they contain a right angle. 

93. The two triangles, formed by drawing lines firom 
any point within a parallelogram to the extremities of 
two opposite sides, are together half the parallelogram. 

94. If firom the ends of one of the oblique sides of 
a trapezium two lines be drawn to the bisection of the 
opposite side, the triangle thus formed with the first 
side is half the trapezium. 

95. If firom the extremities of the base of an isosceles 
triangle lines be drawn perpendicular to the sides, the 
line which joins the vertex with their point of intersec- 
tion will bisect the base at right an^es. 

96. If two exterior angles of a triangle be bisected, 
the line drawn firom the point of intersection of ^e 
bisecting lines, to the opposite angle of the triangle, 
will bisect it. 

97. In the figure, Euc. 1. 47, shew that, if BG and 
CH be joined, these lines will be parallel. 

98. In ditto, if DB, EC be produced to meet FG and 
EH in M, N, the triang;les BFM, CKN are equi- 
angular and equal to the triangle ABC. 

99. In ditto, if GH, KE, FD be joined, each of the 
triangles so formed is equal to the given triangle ABC. 

100. In ditto, produce FG, KH to meet in M, join 
MB, MC, and produce MA to cut BC in L : men 
shew that ML is perpendicular to BC, and thence, 
assuming [6. 20], tbat the three lines AL, BK, CF 
intersect in one point. 
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DEFINITIONS. 

I. EvEBT right-angled parallelogram is said to be 
contained by any two of the straight lio^ which contain 
one of the right angles. 

II. In every parallelogram, any of the parallelograms 
about a diameter, together with the two complements, 
is called a Gnomon. 



Thai the parsUelogram HO, together with 
the complements AF, FC, is a gnomon, which 
is more briefly expressed by the letters A6K, 
or £HC, which are at the opposite angles of 
the parallelograms which make the gnomon. 




PROP. I. Thjor. 

If there be two straight lines, one qf which ia divided into 
any number of parte, the rectangle contained by the two 
straight lines is equctl to the rectangles contained by the 
undivided line, and the several parts of the divided line. 

Let A and BC be two straight lines, and let BC be 
diyided into any parts in the points D, E : the rectangle 
contained by the straight lines A, BC shall be equal to 
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the rectangle oontained by A, BD, together with that 
contained by A, DE, and that contained by A, EC. 

From the point B draw BF at right angles to BC, and 
make BG equal to A ; through G draw 
GH parallel to BC, and through D, E, 
C, draw DK, EL, CH parallel to BG : 
Then the rectangle BH is equal to the 
rectangles BK, DL, EH : And BH is 
contained by A, BC, for it is contained 
by GB, BC, of which GB is equal to A ; and BK is con- 
tained by A, BD, for it is contained by GB, BD, of 
which GB is equal to A ; and DL is contained by A, 
BE, because DK, that is BG, is equal to A ; and, in 
like manner, EH is contained by A, EC : Therefore the 
rectangle contained by A, BC, is equal to the several 
rectangles contained by A, BD, and by A, DE, and by 
A, EC. 

Wherefore, If then he two straight lines Sfc, q. e. d. 



PROP. n. Theob. 

If a straight line be divided into any two parts, the rect" 
angles contained by the whole and each of the parts are 
together equal to the square of the whole line. 

Let the straight line AB be divided into any two 
parts in the point C : the rectangle* AB, BC, together 
with the rectangle AB, AC, shall be equal to the square 
of AB. 

Upon AB describe the square ADEB (1. 46), and 

• N.B. To aToid repeating the word contained too frequently, the 
rectangle contained by two straight lines AB, BC, will in ftitnre be 
called, yimply, the rectangle AB, BC. 
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through C draw CF, parallel to AD or BE : 

Then AE is equal to the rectangles AF, 

CE : And AE is the square of AB ; and 

AF is the rectangle contained by AB, AC, 

for it is contained by AD, AC, of which 

AD is equal to AB ; and CE is contained by AB, BC, 

for BE is equal to AB : Therefore the rectangle AB, 

AC, together with the rectangle AB, BC, is equal to 

the square of AB. 

Wherefore, If a straight line S^c, q.e.d. 



PROP. m. Theoe. 

If a straight line he divided into any tufo parts, the red' 
angle contained by the whole and one of the parts is equal 
to tJie rectangle contained by tJie ttoo parts, together toith 
the square of the aforesaid part. 

Let the straight line AB be divided into any two 
parts in the point C : the rectangle AB, BC shall be 
equal to the rectangle AC, CB, together with the square 
of BC. 

Upon BC describe the square CDEB, and produce 
£D to F, and through A draw AF pa- 
rallel to CD or BE : 

Then the rectangle AE is equal to the 
rectangles AD, CE: And AE is the 
rectangle contained by AB, BC, for it is 
contained by AB, BE, of which BE is equal to BC ; 
and AD is contained by AC, CB, for CD is equal to 
CB ; and CE is the square of BC : Therefore the rect- 
angle AB, BC is equal to the rectangle AC, CB, to- 
gether with the square of BC. 

Wherefore, If a straight line SfC, q.e.d. 
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PROP. IV. Theob. 




If a straight line be divided into any ttoo parts, the aqtuxre 
of the whole line ia equal to the squares of the two parts, 
together with twice the rectangle contained by the parts. 

Let the straight line AB be divided into any two parts 
in C : the square of AB shall be equal to the squares of 
AC, CB, together with twice the rectangle contained by 
AC, CB. 

Upon AB describe the square ADEB, and join BD, 
and through C draw CGF parallel to AD 
or BE, and through G draw HK parallel 
to AB or DE : Then, because CF is paral- 
lel to AD, and BD falls upon them, the 
exterior angle CGB is equal to the interior 
and opposite angle ADB (1. 29) : but the angle ADB 
is equal to the angle ABD, because AD is equal to AB, 
being sides of a square ; therefore the angle CGB is 
equal to the angle CBG, and therefore also the side CG 
is equal to the side CB : But CG is equal to BK, and 
CB to GK ; therefore the figure BCGK is equilateral : 
It is also rectangular ; for, because BK is parallel to 
CG, and BC meets them, the angles KBC, BCG are 
equal to two right angles ; and EBC is a right angle, 
therefore also BCG is a right angle, and therefore also 
the angles CGK, GKB opposite to these, are right 
angles, and BCGK is rectangular : And it has been 
shown to be equilateral ; therefore it is a square, and 
it is upon the side CB : For the like reason HF is a 
square, and it is upon the side HG, which is equal to 
AC : Therefore HF, CK are the squares of AC, CB : 

And because the complement AG is equal to the 
complement GE (1. 43), and that AG is the rectangle 
contained by AC, CB, for CG is equal to CB, thereCav^ 
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GE is also equal to the rectangle AC, CB, and AQ-^ 
Q£ are equal to twice the rectangle AC, CB ; an^ 
HF, CK are the squares of AC, CB ; therefore the four 
fig^es HF, CK, AG, GE are together equal to the squares 
of AC, CB, and twice the rectangle AC, CB : But HF, 
CK, AG, GE make up the whole figure ADEB, which 
is the square of AB ; therefore the square of AB is equal 
to the squares of AC,CB, and twice the rectangle AC, CB. 

Wherefore, If a straight line, 8fC, q.b.d. 

Cob. From the demonstration, it is manifest that the 
parallelograms about the diameter of a square are like- 
wise squares. 

PROP. V. Theoe. 

If a ttraight Une he divided into two equal parts, and also 
into two unequal parts, the rectangle contained by the 
unequal parts, together with the square of the line between 
the points of section, is equal to the square of half the 
line. 

Let the straight line AB be divided into two equal 
parts at the point C, and into two unequal parts at the 
point D : the rectangle AD, DB, together with the 
square of CD, shall be equal to the square of CB. 

Upon CB describe the square CEFB, join BE, and 
through D draw DHG parallel to CE or BF ; through 
H draw KLM parallel to CB or EF, and through A 
draw AK parallel to CL or BM. 

Then, because the complement CH is equal to the 
complement HF, to each of these add 

DM ; therefore the whole CM is equal * 

to the whole DF : But CM is equal 
to AL, because AC is equal to CB ; 
therefore also AL is equal to DF : To 
each of these add CH ; therefore the whole AH is equal 
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to DF and CH: But AH is the rectangle contained 
by AD, DB, for DH is equal to DB ; and DF together 
with CH is the gnomon CMG ; therefore the rectangle 
AD, DB is equal to the gnomon CMG : To each of 
these add LG, which is equal to the square of CD 
(9. 4. Cor,) ; therefore the rectangle AD, DB, together 
with the square of CD, is equal to the gnomon 
CMG, together with LG : But the gnomon CMG and 
LG make up the whole figure C£FB, which is the 
square of CB ; therefore the rectangle AD, DB, together 
with the square of CD, is equal to the square of CB. 

Wherefore, If a straight line, S^c, q. e. d. 

Cob. From this proposition it is manifest, that the 
difference of the squares of two unequal lines AC, CD, 
is equal to the rectangle contained by their sum and 
difference. 

PROP. VI. Theoe. 
If a straight line be bisected <md produced to any point, the 
rectangle contained by the whole line thus produced and 
the part of it produced, together with the square of half 
the line bisected, is equal to the square of the straight Une 
which is moide up of the half and the part produced. 
Let the straight Une AB be bisected in C, and pro- 
duced to D : the rectangle AD, DB, together with the 
square of CB, shall be equal to the square of CD. 

Upon CD describe the square CEFD, join DE, and 
through B draw BHG parallel to CE 
or DF, and through H draw KLM 
parallel to AD or EF, and through A 
draw AK parallel to CL or DM : Then, ^ — ^^ 

because AC is equal to CB, the rect- 
angle AL is equal to the rectangle CH (1.36) : But CH 
is equal to HF ; therefore also AL is equal to HF : To 




64 Euclid's elements. 

each of these add CM ; therefore the whole AM is equal, 
to the gnomon CMG : But AM is the rectangle con-^ 
tained by AD, DB, for DM is equal to DB ; therefore th^ 
rectangle AD, DB is equal to the gnomon CMG : To 
each of these add LG, which is equal to the square of 
CB ; therefore the rectangle AD, DB, together with the 
square of CB, is equal to the gnomon CMG, and the 
figure LG : But the gnomon CMG and LG make up 
the whole figure CEFD, which is the square of CD ; 
therefore the rectangle AD, DB, together with the 
square of CB, is equal to the square of CD. 
Wherefore, If a straight line S^c, q. b, d. 

PROP. Vn. Theob. 

If a straight line be divided into any two parts, the squares 
of the whole line and of one of the parts are equal to 
twice the rectangle contained by the whole and that part, 
together with the square of the other part. 

Let the straight line AB be divided into any two 
parts at the point C : the squares of AB, BC shall be 
equal to twice the rectangle AB, BC, together with the 
square of AC. 

Upon AB describe the square ADEB, and construct 
the figure as in the preceding propositions : Then, 
because AG is equal to GE, to each of these add CK ; 
therefore the whole AK is equal to the 
whole CE, and AK, CE are together 
double of AK : But AK, CE are the gno- 
mon AKF, together with the square CK ; 
therefore the gnomon AKF, together with 
the square CK, is double of AK : But 
twice the rectangle AB, BC is double of AK, for BK is 
equal to BC ; therefore the gnomon AKF, together 
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with the square CK, is equal to twice the rectangle 
AB, BC : To each of these equals add HF, which is 
equal to the square of AC ; therefore the gnomon AKF, 
together with the squares CK, HF, is equal to twice 
the rectangle AB, BC, together with the square of AC : 
But the gnomon AKF, together with the squares CK, 
HF, make up the whole figure ADEB and CK, which 
are the squares of AB and BC ; therefore the squares 
of AB, BC, are equal to twice the rectangle AB, BC, 
together with the square of AC. 

PROP. vin. 

PROP. IX. Theor. 

If a straight line be divided into two equal and also into 
two unequal parts, the squares of the two unequal parts 
are together double of the square of half the line and of 
the square of the line hettoeen the points of section. 

Let the straight Hue AB be divided at the point C 
into two equal, and at D into two un- 
equal parts : the squares of AD, DB 
shall be together double of the squares 
of AC, CD. 

From the point C draw C£ at right 
angles to AB, and make C£ equal to CA or CB, and 
join EA, £B ; through B draw DF parallel to C£, and 
through F draw FG parallel to AB ; and join AF : 

Then, because CA is equal to CE, the angle CA£ is 
equal to the angle CBA ; but the angle ACE is a right 
angle, therefore the two angles CAE, CEA are together 
equal to a right angle (1. 32) ; and they are equal to 
09ie another; therefore each of them is half a right 
angle : For the like reason each of the angles CBE, 
CEB is half a right angle : Therefore the whole angle 
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AEB is a right angle : And because the angle QEF is 
half a right angle, and EOF a right angle, for it is 
equal to the interior and opposite angle ECB (1. 29), 
the remaining angle GFE is half a right angle ; there- 
fore the angle GEF is equal to the angle GFE, and the 
side GE to the side GF : Again, because the angle at 
B is half a right angle, and FDB a right angle, (for it 
is equal to the interior and opposite angle ECB,) there- 
fore the remaining angle DFB is half a right angle ; 
therefore the angle DBF is equal to the angle DFB, 
and the side DB to the side DF. 

Now, because AC is equal to CE, the square of AC is 
equal to the square of CE, and there- 
fore the squares of AC, CE are double 
of the square of AC : But the square of 
AE is equal to the squares of AC, CE, 
because ACE is a right angle (1. 47) ; 
therefore the square of AE is double of the square of 
AC : Again, because EG is equal to GF, the square of 
EG is equal to the square of GF, and therefore the 
squares of EG, GF are double of the square of GF : 
But the square of EF is equal to the squares of EG, 
GF ; therefore the square of EF is double of the square 
of GF, that is, of the square of CD : And the square 
of A£ is also double of the square of AC; therefore 
the squares of AE, EF are double of the squares of 

AC, CD : And the square of AF is equal to the squares 
of AE, EF, because AEF is a right angle ; therefore the 
square of AF is double of the squares of AC, CD : And 
the square of AF is equal to the squares of AD, DF, 
because ADF is a right angle ; therefore the squares of 

AD, DF are double of the squares of AC, CD : And DF 
is equal to DB ; therefore the squares of AD, DB are 
together double of the squares of AC, CD. 

Wherefore, If a straight line. S^c. q.e.p. 
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PROP. X. Theor. 
If a straight line he bisected and produced to any point, the 
squares of the w?iole line thus produced and of the part of 
it produced are together double of the square of half the 
line bisected, and of the square of the line made up of tJie 
half and the part produced, 

Iiet the straight line AB be bisected in C, and pro- 
duced to D : the squares of AD, DB shall be together 
double of the squares of AC, CD. 

From the point C draw CE at right an gles to AB 
and make it equal to CA or CB, 
and join AE, EB ; through E draw 
EF parallel to AB, and through D 
draw DF parallel to CE : And be- 
cause the straight line EF meets the 
parallels EC, FD, the angles CEF, 
EFD are together equal to two right angles, and there- 
fore the angles BEF, EFD are together less than two 
right angles : But If a straight line meets two straight 
Hnes, so as to maJce the tioo interior angles on the same side 
of it together less than two right angles, these straight lines, 
being continuaUg produced, shall at length meet, upon that 
side on which are the angles which are less thnn two right 
angles; therefore EB, FD shall meet, if produced, to- 
wards B, D ; let them meet in G, and join AG. 

Then, because CA is equal to CE, the angle CAE 
is equal to the angle CEA; but the angle ACE is 
a right angle ; therefore each of the angles CAE, CEA 
is half a right angle : For the like reason, each of 
the angles CBE, CEB is half a right angle : There- 
fore AEB is a right angle : And because the angle 
DBG is half a right angle (for it is equal to tKo. 
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vertically opposite angle EBC,) and that BD< 
right angle, (for it is equal to the alternate 
DCE,) therefore the remaining angle DGB i 
a right angle, and equal to the angle DBG, and 
lore also the side DG- is equal to the side DB : 
because FGE is half a right angle, 
and EFG a right angle, (for it is 
equal to the opposite angle BCD,) 
therefore the remaining angle FEG 
is half a right angle, and equal to 
the angle FGE, and therefore also the side FE if 
to the side FG. 

Now, because AC is equal to OE, the square 
is equal to the square of CE, and therefore the s 
of AC, CE are double of the square of AC : B 
square of AE is equal to the squares of AC, CE ; 
fore the square of AE is double of the square o 
Again, because EF is equal to FG, the square oj 
equal to the square of FG, and therefore the s 
of EF, FG are double of the square of EF : B 
square of EG is equal to the squares of EF, FG ; 
fore the square of EG is double of the square • 
that is, of the square of CD : And the square of 
also double of the square of AC ; therefore the s 
of AE, EG are double of the squares of AC, CD 
the square of AG is equal to the squares of AI 
therefore the square of AG is double of the squj 
AC, CD ; And the square of AG is equal to the s 
of AD, DG ; therefore the squares of AD, DG are 
of the squares of AC, CD : And DG is equal t 
therefore the squares of AD, DB are double 
squares of AC, CD. 

Wherefore, If a straight line ^c. 



BOOK II. 69 



PROP. XI. Prob. 

To divide a given straight Ihw into two partSf so that 
the rectangle contained by the whole and one of the parts 
shall be eqwd to the square of the other part. 

Let AB be the given straight line : it is required 
to divide it into two parts, so that the rectangle con- 
tained by the whole and one of the parts shall be 
equal to the square of the other part. 

Upon AB describe the square ACDB ; bisect AC 
in E, and join BE ; produce CA to F, and make EF 
equal to EB ; and upon AF describe the square 
AFGH: AB is divided in H, so that the rectangle 
AB, BH is equal to the square of AH. 

Produce G-H to K : Then, because the straight line 
AC is bisected in E, and produced to F, 
the rectangle CF, FA, together with the 
square of AE, is equal to the square of 
EF (2. 6) : But EF is equal to EB ; 
therefore the rectangle CF, FA, together 
with the square of AE, is equal to the 
square of EB : And the square of EB is equal to the 
squares of AE, AB, because the angle EAB is a right 
angle ; therefore the rectangle CF, FA, together with 
the square of KEt is equal to the squares of AE, AB : 
Take away the common square of AE ; therefore the 
remainder, the rectangle CF, FA, is equal to the square 
of AB : And the figure FK is the rectangle contained 
by CF, FA, for FG is equal to FA, and AD is the 
square of AB ; therefore FK is equal to AD : Take 
away the common part AK, and the remainder FH is 
equal to the remainder HD : But HD is the rectangle 
contained by AB, BH, (for AB is equal to BD,) and 
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FH is the square of AH ; therefore the rectangle AB, 
BH is equal to the square of AH : Wherefore the 
given straight line AB is divided in H, so that the 
rectangle AB, BH is equal to the square of AH. q. e. f. 



PROP. XII. Theob. 
In obtuse-angled triangles, if a perpendicular be drawn 
from any of the acute angles to the opposite side pro- 
duced, the square of the side subtending the obtttse angle 
is greater than the squares of the sides containing the 
obtuse angle, by tunce the rectangle contained by the side 
upon which, when produced, the perpendicular falls, and 
the straight line intercepted, without the triangle, between 
tJie perpendicular and the obtuse angle. 

Let ABC be an obtuse-angled triangle, having the 
obtuse angle ACB, and from the point A let AT) be 
drawn perpendicular to BC produced : the square of 
AB is greater than the squares of AC, CB, by twice 
the rectangle BC, CD. 

Because the straight line BB is divided into two 
parts in the point C, the square of BD 
is equal to the squares of BC, CD, and 
twice the rectangle BC, CD (2. 4) : To 
each of these equals add the square of 
DA ; therefore the squares of BD, DA are 
equal to the squares of BC, CD, DA, and twice the 
rectangle BC, CD : But the square of BA is equal 
to the squares of BD, DA, because the angle at D 
is a right angle, and the square of CA is equal to 
the squares of CD, DA; therefore the square of BA 
i& equal to the squares of BC, CA, and twice the 
rectangle BC, CD, that is, the square of BA is greater 
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thsH the squares of BC, CA, by twice the rectangle 

BC, CD. 

Wherefore, If oUuse^anffled triangles fy:, q. e. d. 

PROP. Xirr. Theor, 
In every triangle, the square of the side subtending any 
of the aofute angles is less than the squares of the sides 
containing thai angle, by twice the rectangle contained 
by either of these sides, and the straight line intercepted 
between the perpendictdar let fall upon it from the op^ 
posite angle and the etcute angle. 

Let ABC be any triangle, and the angle at B one 
of its acute angles; and upon BC, one of the sides 
containing it, let fall the perpendicular AD from the 
opposllt angle: the square of AC, opposite to the 
angle B» is less than the squares of CB, BA, by twice 
the reotengle CB, BD. 

Pint* let AD fall within the triangle ABC : Then, 
l>ecauM the straight line CB is divided 
into two parts, in the point D, the 
squaiM of CB, BD are equal to twice 
the rectangle CB, BD, and the square 
of CD (2. 7) : To each of these equals 
add the square of DA ; therefore the squares of CB, 

BD, DA are equal to twice the rectangle CB, BD, 
and the squares of CD, DA : But the square of AB 
is equal to the squares of BD, DA, (because the angle 
BDA ife a right angle,) and the square of AC is equal 
to the squares of CD, DA ; therefore the squares of 
CB, BA are equal to the square of AC, and twice 
the rectangle CB, BD, that is, the square of AC alone 
is less than the squares of CB, BA, by twice the 
rectangle CB, BD. 
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Next, let AD fall without the triangle ABC : 
Then, because the angle at D is a right 
angle, the angle ACB is greater than a 
right angle (1. 16) ; and therefore the 
square of AB is equal to the squares of 
AC, CB, and twice the rectangle BC, CD 
(2. 12) : To each of these equals add the square of 
BC ; therefore the squares of AB, BC are equal to 
the square of AC, and twice the rectangle BC, CD, 
and twice the square of BC : But because BD is 
divided into two parts in C, the rectangle DB, BC 
is equal to the rectangle BC, CD, and the square of 
BC (2. 3); therefore twice the rectangle DB, BC is 
equal to twice the rectangle BC, CD, and twice the 
square of BC ; and therefore the squares of AB, BC 
are equal to the square of AC, and twice the rectangle 
DB, BC, that is, the square of AC alone is less than 
the squares of AB, BC, by twice the rectangle DB, BC. 

Lastly, let the side AC be perpendicular to BC: 
Then BC is the straight line between the ^ 

perpendicular and the acute angle at B ; and 
it is manifest, that the squares of AB, BC, 
are equal to the square of AC and twice the 
square of BC (1. 47). 

Wherefore, In every triangle S^, q.e.d. 



PROP. XIV. Prob. 

To describe a sgtiare that shall be equal to a given recti- 
lineal ^ure. 

Let A be the given rectilineal figure : it is required to 
describe a square that shall be equal to A. 

Describe (1. 45) a rectangular parallelogram BCDE 
equal to the rectilineal j&gure A : If then the sides 
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of it, BE, ED are equal to one another, it is a square, 

and what was required is now 

done : But if they are not equal, 

jMroduce one of them BE to F, 

and make EF equal to ED, and 

bisect BF in G; and from the 

centre G, at the distance GB, or GF, describe the 

semicircle BHF, and produce DE to H, and join GH. 

Then, because the straight line BF is divided into 
two equal parts at G and into two unequal at E, the 
rectangle BE, EF, together with the square of GE, is 
equal to the square of GF (2. 6) : But GF is equal to 
GH ; therefore the rectangle BE, EF, together with 
the square of GE, is equal to the square of Gil : But 
the square of GH is equal to the squares of GE, EH ; 
therefore the rectangle BE, EF, together with the 
square of GE, is equal to the squares of GE, EH: 
Take away the square of GE, which is common to both ; 

and the remainder^ the rectangle BE, EF, is equal to 
the remainder, the square of EH : But ihe rectangle 
contained by BE, EF is the parallelogram BD, because 
£F is equal to £D ; therefore BD is equal to the square 
of EH : But BD is equal to the rectilineal figure A ; 
therefore the square of EH is equal to the rectilineal 
figure A : Wherefore a square has been made equal to 
the given rectilineal figure A, yiz. the square described 
upon EH. a.E.F. 



\\ 
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1 . If a line be drawn from one of the acute angles of 
a right-angled triangle to the bisection of the opposite 
side, the square upon that line is less than the square 
upon the hyx>othenuse by three times the square upon 
half the line bisected. 

2. If from the middle point of one of the sides of a 
right-angled triangle a perpendicidar be drawn to the 
hyi>othenuAe, the difference of the squares of the seg- 
ments so formed is equal to the square of the other 
side. 

3. In any triangle, if a perpendicular be drawn from 
the vertex to the base, uie difference of the squares 
upon the sides is equal to the difference of the squares 
upon the segments of the base. 

4. Let AOB be a quadrant of a circle, whose centre 
is O ; from any point C in its arc draw CD perpendicu- 
lar to OA or OB, meeting in E the radius which bisects 
the angle AOB : then shew that the squares upon CD, 
D£ are together equal to the square upon OA. 

5. If from any point in the diameter of a semicircle 
two lines be di^wn to the circumference, one to the 
bisection of the arc, and the other perpendicular to the 
diameter, then the squares upon these two lines are 
together double of the square upon the radius. 

6. If A be the vertex of an isosceles triangle ABC, 
and CD be drawn perpendicidar to AB, prove that the 
squares upon the three sides are together equal to the 
square on BD and twice the square on AD and thrice 
the square on CD. 
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7. If from any point perpendiculars be dropped on 
all the sides of any rectilineal figure, the sum of the 
squares upon the alternate segments of the sides will be 
equal. 

8. If from one of the acute angles of a right-angled 
triangle a line be drawn to the opposite side, the squares 
of that side and the line so drawn are together equal to 
the squares of the hypothenuse and the segment adjacent 
to the right angle. 

9. Describe a square equal to the difference of two 
given squares. 

10. Divide, when possible, a given line into two 
parts, so that the sum of their squares may be equal to 
a given square. 

11. From D the middle poiut of AC, one of the sides 
of an equilateral triangle ABC, draw DE perpendicu- 
lar on BC ; and shew taat the square upon BD is three- 
fourths of the square upon BC, and the line BE three- 
fourths of BC. 

12. If frx)m the vertex A, of a right-angled triangle 
BAC, AD be dropped perpendicidar on the base, shew 
that the rectangles of BC and BD, BC and CD, BD 
and CD, are respectively equal to the squares upon 
AB, AC, AD. 

13. Produce a given line so that the rectangle of the 
whole line produced and the original line shall be equal 
to a given square. 

14. If on the radius of a circle a semicircle be de- 
scribed, and a perpendicular to the common diameter be 
drawn, the square of the chord of the greater circle, 
between the extremity of the diameter and the point of 
section of the perpendicular, will be double of the 
square of the corresponding chord of the lesser circle. 

15k Divide a line in two points equally distant 
from its extremities, so that the square on the middle 
part shall be equal to the sum of the squares on the 
extremes : and shew also that in this c^e \\ift ^C3^«x^ 
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of the whole line will be equal to the squares of the 
extreme parts together with twice the rectangle of the 
whole and the middle part. 

• 16. Divide a line into two parts, so that the 
squares of the whole line and one of the parts shall 
be together double of the square of the other part: 
and shew that, by the same division, the square of 
the greater part will be equal to twice the rectangle 
of the whole and the lesser part. 

17. Divide a straight line into two parts so that the 
sum of their squares may be the least possible. 

18. Shew that the sum. of the squares upon two lines 
is never less than twice their rectangle^ and that the 
difference of their squares is equal to the rectangle of 
their sum and difference. 

19. Shew that of the two algebraical expressions, 

the first is equivalent to Props, v. and vi., and the 
second to Props, ix. and x., of Euc. 2. 

20. ABCD is a rectangle, E any point in BC, F in 
CD : shew that the rectangle ABCD is equal to twice 
the triangle AEF together with the rectangle BEi DF. 

21. If a line be divided into two equal anjd also inta 
two unequal parts, the squares of the two ui>equal parts 
are together equal to twice the rectangle contained by 
these parts together with four times &e square of the 
line between the points of section. 

22. K from one of the equal angles of an isosceles 
triangle a perpendicidar be dropped on the opposite 
side, the rectangle of that side and the segment of it 
between the perpendieular and bcise is equal ta half the 
square upon the base. 

23. A, B, C, D, are four points in the same line, E a 
point in that line equally distant from the middle of the 
segments AB, CD, F any other point in AD : shew that 
the squares of AF, BF, CF, DF, are together greater 
than the squaxes of AE, BE» CE, DE, by four times the 
square of EF. 
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24. If from the extremities of any chord in. a circle 
lines be drawn to any point in the diameter to which it 
is parallel, the siun of their squares is equal to the sum 
of the squares upon the segments of the diameter. 

25. If the sides of a triangle be as 2, 4, 6, shew 
whether it will be acute- or obtuse-angled. 

26. In any isosceles triangle ABC, if AD be drawn 
from the vertex to any point m the base, shew that titie 
difEereiice of the squares on AB and AD is equal to the 
rectangle o£ BD and CD. 

27. If in the figure, Euc. 1. 47, the angular points 
be joined, the sum of the squares of the six sides of 
the figure so formed is equal to eight times the square 
of the hypothenuse. 

28. If one angle of a triangle be four-thirds of a right 
angle, the square of the side subtendiujg that an^le is 
equal to ^e sum of the squares of the sides contaming 
it, together with the rectangle contained by these sides. 

29. If ABC be a triangle, with the angles at B, C, 
each double of the angle at A, then the square of AB 
is equal to the square of BC, together with the rect- 
angle of AB and BC. 

30. In any triangle ABC, if BP, CQ be drawn per- 
pendicular to AC, AB, produced if necessary, then shall 
the square of BC be equal to the rectangle of AB, BQ, 
together with the rectangle of AC, CF. 

31. In [22] shew that the square of the perpendicular 
is equal to the square of the Ime between the perpendi- 
cular and the other equal angle, together with twice the 
rectangle of the segments of the siae. 

32. If from the right angle of a right-ansled triangle 
lines be drawn to the opposite angles of l^e square 
described on the hypothenuse, the difference of the 
squares on these lines is equal to the difference of the 
squares on the two sides of the triangle. 

33. In any triangle the squares of the two sides are 
together double of the squares of half the base, and of 
the line joining its middle point witb. th.e o^^^x^iXj^ vxl*^^ , 
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34. If BD be drawn bisecting AC, one of the side* 
of the triaiigle ABC, in D, and A£ ht drawn perpendi- 
cular to the base, shew that the square upon BD is 
equal to the sum or difference of the square upon the 
half of BD and the rectangle BC, BE, according as R 
lies in BC or in BC pro<kiced. 

35. Any rectangle is half the rectangle contamed by 
the diameters of the squares upon its two sides. 

36. If from any point within a rectangle lines be 
drawn to the angular points, the sums of the squares 
upon those drawn to the opposite angles will be equal. 

37. The squares of the diagonals c^ a paraOelogram^ 
are together equal to the squares of the four sides. 

38. The squares of the diagonals of a quadrilateral 
are together less than the squares of the four sides by 
four times the square oi the line joining the bisections^ 
of the diagonals. 

39. The squares of the diagonals of any quadrilateral 
are together double of the squares of the two lines join- 
ing the bisections of the opposite sides, 

40. The squares of the sides of any triangle ar& 
together triple of the squares of the distances of the 
angles from the point of intersection of lines drawn 
from them to the bisections of the opposite sides. 

41. If two opposite sides of any quadrilateraif be 
bisected, the sum of the squares of me other two sides, 
together with the squares of the diagonals, is equal to 
the sum of the squares of the sides bisected together 
with four times the square of the line joining the 
points of section. 

42. If DE be drawn parallel to the base BC of an 
isosceles triangle ABC, then the square of BE is equal 
to the rectan^e of BC, CD, togetner with the square 
of CE. 

43. The squares of the diagonals of a trapeziimi are 
together equal to the squares of its two parallel sides, 
with twice the rectangle contained by its parallel sides. 
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44. If BD, CE be squares described upon ^e sides 
AB, AC, of any triangle,, shew that the sqtiares of BC 
and DK aone together double of the* squares of AB and 
AC. 

45. If squares be described on the three sides of 
any triangle, and the angular points of the squares be 
joined, the sum of the squares of the sides of the 
hexagonal figure thus formed will be equal to four 
times the sum of the squares of the sides of the tri- 
angle. 

46. If two points be taken in the diameter of a circle 
equally distant firom the centre, the sum of the squares 
of two lines drawn from these points to any point in 
the circumference will be constant. 

47. The hypothenuse AB of a right-angled trian^e 
ABC is trisected in the points D, £ : shew that, if CD, 
C£ be joined, the s\mi of the squares on the sides of 
the triangle CD£ is equal to two-thirds of the square 
oqAB. 

48. Divide a given line into two parts, so that their 
rectangle may be equal to a given square* 

49. If the areas of a triangle and of a square be 
equal, the perimeter of the triangle will be the greater. 

50. ABCD is a quadrilateral, £ the middle point 
of the line joining the bisections of the diagonals ; if 
with E as centre any circle be described, shew that for 
every point P in this circle, PA^H- PB^^ PC«+ PD^ is 
canstant, and equals EA2+EB2+EC«4-ED»+4EP2. 
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DEFINITIONS. 

I. Equal circles are those of which the diameters are 

equal, or from the centres of which the straight lines to 

the circumferences are equal. 

ThU ia not a definition, but a theorem, the truth of which ia 
evident ; for, if the circlea be applied to one another to that their 
centres coincide, the circlet must likewise coincide, since the 
straight lines firom the centres are equal. 

II. A straight line is said to touch 
a circle, when it meets the circle, 
and being produced does not cut it. 

III. Circles are said to touch one 
another, which meet but do not cut 
one another. 

IT. Straight lines are said to be equally distant from 
the centre of a circle, when the perpen- 
diculars drawn to them from the centre 
are equal: 

v. And the straight line on which the 
greater perpendicular falls, is said to be 
farther from the centre. 

Yi. A segment of a circle is the figure contained by 
a straight line and the circimiference it cuts off. 

Yii. The angle of a segment is that which is con- 
tained by the straight line and the circumference. 

viii. An angle in a segment is the angle contained 
by two straight lines drawn from any point in the cir- 
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cumference of the Begment to the extremities of the 
straight line which is ihe base of the segment : 

rx. And an angle is said to insist or stand upon the 
circumference intercepted between the straight lines 
that contain the angle. 

X. A sector of a circle is the figure contained by two 
straight lines drawn from the centre, and the circum- 
ference between them. 

XI. Similar segments of circles are those in which the 
angles are equal, or which contain equal angles. 



PROP. I. Prob. 
Tbjind the centre of a given circle. 

Let ABC be the given circle : it is required to find its 
centre. 

Draw within it any straight line AB and bisect it in D ; 
from the point D draw DC at right angles to AB, and 
produce CD to E, and bisect C£ in F : the point P shall 
be tiie centre of the circle ABC. 

For, if the centre be in C£, it is plain that it must be 
F, Ae middle point of CE : but if it be not in CE, let> 
if possible, G be the centre, and join GA, GD, GB : 
Then, because AD is equal to BD, and 
DG common to the two triangles ADG, 
BDG, the two sides AD, DG are equal 
to the two BD, DG, each to each, and 
the base AG is equal to the base BG, 
because they are both drawn from the 
centre G to the circumference — ^therefore the angle ADG 
is equal to the angle BDG : But toJien a straight t-iine^ 
standing upon another straigtU line^ makes the a^acent 
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angles equal to one another , each of these angles is a right 
angle ; therefore the angle BDG is a right angle : But 
BDF is also a right angle ; therefore the angle BDF is 
equal to the angle BDG, the greater to the less — ^which 
is absurd : therefore G is not the centre of the circle 
ABC : And in like manner it can be shewn that no 
other point but F is the centre ; that is, F has been 
found, the centre of the circle ABC. a.E.F. 

Cob. From this it is manifest that, if in a circle one 
straight line bisect another at right angles, the centre of 
the circle is in the line which bisects the other. 



PROP. n. Theob. 
If any two points he taken in the circumference of a circle^ 
the straight line which Joins them shall fall within the 
circle. 

Let ABC be a circle, and A, B any two points in the 
circumference: the straight line drawn from A to B 
shall fall within the circle. 

For if not, let it fall, if possible, without, as AEB : 
find D the centre of the circle ABC ; and 
join DA, DB ; in the circumference AB 
take any point F, join DF, and produce 
it to £ : Then, because DA is equal to 
DB, the angle DAB is equal to the angle 
DBA : And because AE, a side of the 
triangle P AE, is produced to B, the exterior angle DEB 
is greater than the angle DAE : But DAE was proved 
equal to the angle DBE ; therefore the angle DEB is 

N.B. — Whenever the expression "straight lines from the centre," 
or " drawn from the centre," occurs, it is to be understood that they 
are drawn to the circumference. 
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greater than the angle DBE : But to the greater angle 
the greater aide is opposite; therefore DB is greater than 
D£ : But DB is equal to DF ; therefore DF is greater 
than DE, the less than the greater — ^which is absurd ; 
therefore the straight line drawn from A to B does not 
&11 without the circle : And, in like manner, it may be 
demonstrated that it. does not fall upon the circum- 
£^ence ; therefore it falls within it. 

Wherefore, If any two points S^c, q.e.i>. 

PROP. m. Theob. 
If a straight line drawn through the centre of a circle bisect 
a straight line in it which does not pass through the centre, 
it shall cut it at right angles ; and, if it cuts it at right 
angles, it shall bisect it. 

Let ABC be a circle, and let CD, a straight line 
drawn through the centre, bisect any straight line AB, 
which does not pass through the centre, in the point F : 
it shall cut AB at right angles. 

Take £ the centre of the circle, and join EA, EB : 
Then, because AF is equal to BF, and FE common to 
the two triangles AFE, BFE, the two 
sides AF, FE, ai the one are equal to the 
two, BF, FE, of the other, each to each ; 
and the base AE is equal to the base BE 
— therefore the angle AFE is equal to the 
angle BFE: But when a straight line, 
standing upon another straight line, makes the ac^aceivt 
angles equal to one another, each of them is a right angle ; 
therefore each of the angles AFE, BFE is a right 
angle ; and therefore the straight line CD, drawn through 
the centre, bisecting another AB that does not pass 
through the centre, cuts the same at right angles. 
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Next, let CD cut AB at right angles : CD shall also 
bisect it, that is, AF shall be equal to FB. 

The same construction b^g made, because £A, £B, 
drawn from the centre, are equal to one another, the angle 
EAF is equal to the angle EBF : And the right angle 
AF£ is equal to the right angle BFE ; therefore in the 
two triangles EAF, EBF, there are two angles in the 
• one equal to two angles in the other, each to each, and 
the side EF, which is opposite to one of the equal 
angles in each, is common to both — ^therefore the other 
sides are equal, and therefore AF is equal to FB. 

Wherefore, If a straight line S^c, q.e.d. 

PROP. IV, Theor. 
If in a circle two straight lines cttt one another t which do 
not both pass through the centre, they do not bisect each 
atJier, 

Let ABCD be a circle, and AC, BD two straight 
lines in it, which cut one another in the point E, and 
do not both pass through the centre : AC, BD, shall 
not bisect each other. 

If one of the lines pass through the centre, it is plain 
that it cannot be bisected by the other 
which does not pass through the centre : 
But if neither of them pass through the 
centre, let, if possible, AE be equal to 
EC, and BE to ED ; and take F the 
centre of the circle, and join FE : Then, 
because FE, a straight line through the centre, bisects 
another AC which does not pass through the centre, it 
cuts it at right angles (3. 3) ; therefore FEA is a right 
angle : Again, because the straight line FE bisects the 
straight line BD, which does not pass through the 
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centre, it cuts it at right angles ; therefore also FEB is a 
right angle : but FEA was shown to be a right angle ; 
therefore the angle FEA is equal to the angle FEB, the 
less to the greater — ^which is absurd : Therefore AC, 
BD do not bisect one another. 

Wherefore, If in a circle S^c, q. e. d. 



PROP. V. Theob. 

If two circles cut one another ^ they shaU not have the same 

centre. 

Let the two circles ABC, CDG cut one another in the 
points B, C : they shall not have the same centre. 

For, if possible, let E be their centre ; join EC, and 
draw any straight line EFG cutting the 
circles in F and G : Then, because £ 
is the centre of the circle ABC, EC is 
equal to EF : Again, because E is the 
centre of the circle CDG, EC is equal 
to EG : But EC was shown to be 
equal to EF ; therefore EF is equal to EG, the less to 
the greater — ^which is absurd : Therefore E is not the 
centre of the circles ABC, CDG. 

Wherefore, Ifttoo circles §<?. q.e.d. 



PROP. VI. Theob. 

J[f two circles touch one another intemalhff they shall not 

have the same centre. 

Let the two circles ABC, CDE, touch one anoth» 
ihtemally in the point C : they shaU not have the same 
centre. 
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For, if possible, let F be tbeir centre : join FC, and 
draw any straight line FEB, cutting 
the circles in £ and B : Then, because 
F is the centre of the circle ABC, FC 
is equal to FB : Again, because F is 
the centre of the circle CDE, FC is 
equal to FE : But FC was shewn to 
be equal to FB ; therefore FE is equal to FB, the less 
to the greater — ^which is absurd : therefore F is not the 
centre of the circles ABC, CDE. 

Wherefore, If two circles S^c, q. e. d. 



PROP. Vn. Thbob. 

If any point be taken in the diameter of a circle which is 
not the centre, of all the straight lines which can be drawn 
from it to the circumference, the greatest is that in which 
the centre is, and the other part of the diameter is the 
least ; and, of any others, that which is nearer to the line 
which passes through the centre is always greater than one 
more remote : and from the same point there can be drawn 
two straight lines, and only two, that are equal to one 
another, one upon each side of the shortest line. 

Let ABCD be a circle, and AD its diameter, in which 
let any point F be taken which is not the centre, and 
let the centre be E : of all the straight lines FB, FC, 
FG, &c., that can be drawn from F to the circum- 
ference, FA, which passes through E, shall be the 
greatest, and FD, the other part of the diameter AD, 
shall be the least : and of the others, FB shall be greater 
than FC, and FC than FG. 

JoinBE, CE, GE : Then, because any two sides of a tri* 
angle are greater than the third, therefore BE, EF are to- 
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gether greater than BF : but B£ is equal 
to A£ ; therefore AE, £F, that is AF, is 
greater than BF : Again, because BE is 
eqtial to CE, and £F common to the 
triangles BEF, CEF, the two sides BE, 
£F are equal to the two C£, EF : but 
the angle BEF is greater than the angle CEF ; there- 
fore (1. 24) the base BF is greater than the base CF : 
And, in like manner, it may be shewn that CF is greater 
than GF : Again, because EF, FG are greater than EG, 
And that EG is equal to ED, therefore EF, FG are greater 
than ED ; take away the common part EF, and the 
remainder FG is greater than the remainder FD : There- 
fore AF is the greatest, and FD the least, of all the 
straight lines from F to the circumference, and FB is 
greater than FC, and FC than FG. 

Also there can be drawn two equal straight lines from 
the point F to the circumference, one upon each side of - 
l^e shortest line FD : For, at the point E, in the straight 
line EF, make the angle FEH equal to the angle FEG, 
and join FH : Then, because GE is equal to HE, and 
EF common to the two triangles GEF, HEF, the two 
■ides GE, EF are equal to the two HE, EF, each to 
each, and the angle GEF is equal to the angle HEF — 
therefore the base FG is equal to the base FH. 

But, besides FH, no other straight line can be drawn 
from F to the circimiference, equal to FG : For, if there 
can, let it be FK : Then, because FK is equal to FG, 
and FG to FH, therefore also FK is equal to FH, 
tiiat is, a line nearer to that which passes through the 
centre, is equal to one which is more remote — which is 
impossible. 

Wherefore, If any point fy:, ti. e. d. 
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PROP. Vm. Theob. 

Jfany point he taken without a circle, from which straight 
lines are dravm to the circumference, whereof one passes 
through the centre, of those which foM upon the concave 
circumference, the greatest is that which passes through 
the centre, and of tJie rest, that which is nearer to the 
one parsing through the centre is greater than one 
more remote; and of those which faU upon the convex 
circumference, the least is that between the point without 
the circle and the diameter, and of the rest, that which 
is nearer to the least is less than one more remote: 
and only ttoo equal straight lines can be drawn from the 
given point to the circumference, one upon each side of the 
shortest line. 

Let ABC be a circle, and D any point without it, 
from which let the straight lines DA, DE, DF, DC be 
drawn to the circumference, whereof DA passes through 
the centre : of those which fall upon the concave cir- 
cumference AEFC, the greatest is DA which passes 
through the centre, and that which is nearer to it is 
greater than one more remote, yiz. DE than DF, and 
DF than DC ; and of those which fall upon the convex 
circumference GKLH, the least is DG, between the 
point D and the diameter AG, and that which is nearer 
to it is less than one more remote, viz. DK than DL, 
and DL than DH. 

Take M the centre of the circle ABC (3. 1), and join 
ME, MF, MC, MH, ML, MK : Then because any two 
sides of a triangle are greater than the third side, ^ere- 
fore EM, MD are together greater than ED : but EM 
is equal to AM ; therefore AM, MD, that is, AD, is 
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greater than ED : Again, because EM is equal to FM, 
and MD common to the triangles £MD, 
FMB, the two sides £M, MD are equal 
to the two FM, MD : but the angle EMD 
is greater than the angle FMD ; there- 
fore (1. 24) the base ED is greater than 
the base FD : And, in like manner, it 
may be shewn that FD is greater than 
CD: Therefore DA is the greatest, 
and DE greater than DF, and DF than DC. 

Again, because MK, ED are greater than MD, and 
MK is equal to MG, the remainder ED is greater than 
the remainder GD, that is, GD is less than KD : And 
because MK, KD are drawn to the point K within the 
triangle MLD, from M, D, the extremities of its side 
MD, therefore MK, KD are less than ML, LD (1. 21) : 
and MK is equal to ML ; therefore the remainder KD 
is less than the remainder LD : And, in like manner, it 
may be shewn that LD is less than HD : Therefore 
DG is the least, and DK less than DL, and DL than 
DH. 

Also, there can be drawn two equal straight lines 
from the point D to the circumference, one upon each 
side of the shortest line DG : For, at the point M, in 
the straight line MD, make the angle DMB equal to 
the angle DMK, and join DB : Then, because MK is 
eq^ual to MB» and DM common to the triangles DMK, 
I>MB^ the two sides DM, MK are equal to the two DM, 
MB,, and the angle DMK is equal to the angle DMB — 
therefore the base DK is equal to the base DB. 

But, besides DB, no other straight line can be drawn 
from D to the circumference, equal to DK: For, if 
there can, let it be DN : Then, because DN is equal to 
DK, and I^K to DB, therefore also DN ia «fl^\Rk\!k^> 
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that is, a line, nearer to the least line, is equal to one 
which, is more remote — ^which is impossible. 
Wherefore, If any point §c. a. b. d. 



PROP. IX. Theor. 

ff a point be taken within a circle, from which there faU 
more than two equal straight lines to the circumference^ 
th^xt point is the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which to the circumference there fall 
more than two equal straight lines, yiz. 
DA, DB, DC : the point D is the centre 
of the circle. 

For, if not, let E be the centre ; join 
DE, and produce it both ways to meet 
the circumference in F and G. 

Then FG is a diameter of the circle ABC : And, 
because in FG, a diameter of the circle ABC, there is 
taken the point D, which is not the centre, DG shall be 
the greatest line from D to the circimiference, and DC 
greater than DB, and DB than DA (3. 7) : But they 
are likewise equal {Hyp,) — ^which is absurd : Therefore 
E is not the centre of the circle ABC : And, in like 
manner, ,it may be demonstrated, that any other point 
than D is not the centre : Therefore D is the centre of 
the circle ABC. 

Wherefore, ff a point 4ic. a. b. d. 

PROP. X. Thbob. 
One circumference of a circle cannot cut emother in more 

than ttoo points. 

If it be possible, let the circumference AB^ cut the 
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circnmfereiice DBF in more than two points, viz. in 
points B, G, F. 

Take the centre K of the circle ABF, and join KB, 
KG, KF : Then, because within the 
circle DBF there is taken the point K, 
from which to the circumference DBF 
&11 more than two equal straight lines 
SB, EG, EF, the point K (3. 9) is the 
centre of the circle DBF : But K is 
also the centre of the circle ABF ; therefore the same 
point is the centre of two circles that cut one another — 
which is impossible (3. 5). 

Wherefore, One circumference S^c. q.e.d. 




PROP. XI. Theob. 

If two circles touch each other internally ^ the straight Una 
which joins their centres^ being produced^ shall pass 
through the point of contact. 

Let the two circles ABC, ADE touch each other 
internally in the point A ; and let F be 
the centre of the circle ABC, and G the 
centre of the circle ADE : the straight 
line which joins the centres F, G, being 
produced, shall pass through the point of 
contact, A. 

For, if not, let it fSedl otherwise, if possible, as FGDB, 
and join AF, AG : Then, because AG, GF are greater 
than AF, that is, than BF, (for AF is equal to BF, both 
being from the same centre,) take away the common part 
FG ; therefore the remainder AG is greater than the 
remainder BG : But AG is equal to DG ; therefore 
DG is greater than BG, the less than the greater — which 
is absurd : Therefore the straight tine ^Yi^kYl V^Mfi^*^^ 
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centres F, G cannot pass otherwise than through the 
point of contact A, that is, it must pass through it. 
Wherefore, If two circles S^c, q.e.d. 

PROP. Xn. Theob. 

If two circles touch each other extemaJXyy the straight line 
which joins their centres shall pass through the point of 
contact. 

Let the two circles ABC, ADE touch each other 
externally in the point A, and let F 
be the centre of ABC, and G the 
centre of ADE : the straight line 
which joins the points F, G, shall 
pass through the point of contact A. 

For, if not, let it pass otherwise, if possible, as 
FCDG, and join AF, AG : Then, because F is the 
centre of the circle ABC, FA is equal to FC; and, 
because G is the centre of the circle ADE, GA is equal 
to GD : Therefore FA, AG are together equal to FC, 
DG, and therefore they are together less than the whole 
FG : But they are also together greater than it (1. 20) 
— ^which is impossible : Therefore the straight line which 
joins the centres F, G, cannot pass otherwise than through 
the point of contact A, that is, it must pass through it. 

Wherefore, If two circles 4rc. a* e. d«. 

PROP. Xm. Thbob;. 

One circle cannot touch another in more points than oii^, 

whether it touches it on the inside or outside^ 

For, if it be possible, let the circle EBF touch the 
circle ABC in more points than one, and first on the 
inside, in the points B, D, 
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Join BD, and draw GH bisecting BD at right angles : 
Then, because the points B, D are in the circum- 
ference of each of the 
circles, the straight line 
BD fidls within each of 
them (3. 2) ; and there- 
fore the centres of each 
(3. 1 . Cor.) must be in the 
straight line GH which bisects BD at right angles ; and 
therefore also GH must pass through the point of contact 
(3. 11) : But it does not pass through it, because the 
points B, D are not in the straight line GH — which is 
absurd : Therefore one circle cannot touch another on 
the inside in more points than one. 

Nor can two circles touch one another on the outside 
in more than one point. 

Por, if it be possible, let the circle ACK touch the 
circle ABC in the points A, C, and join AC : 
Then, because the two points A, C, are in 
the circumference of the circle ACEl, the 
straight line AC which joins them (3. 2) 
must fall within the circle ACK : And the 
circle ACK is without the circle ABC ; B^ 
therefore also the straight line AC is without the circle 
ABC : But because the two points A, C, are in the cir- 
cumference of the circle ABC, the straight line AC falls 
within the circle ABC — ^which is absurd : Therefore 
one circle camiot touch another on the outside in more 
than one point: And it has been shewn, that they 
cannot touch on the inside in more points than one. 

WheieSoie, One circle S^c, q.£.d. 
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PROP. XrV. Theor. 
Eqtuil straight lines in a circle are equaUy distant from the 
centre; andy conversely , those, which are equally distant 
from the centre, are equaZ to one another. 

Let the straight lines AB, CD, in the circle ABDC, 
be equal to one another : they shall be equally distant 
from the centre. 

Take E, the centre of the circle ABDC, and from it 
draw EF, EG, perpendiculars to AB, CD : 
Then, because the straight line EF, pass- 
ing through the centre, cuts the straight 
line AB, which does not pass through the 
centre, at right angles, it also bisects it 
(3. 3) ; and therefore AF is equal to FB, and AB is 
double of AF : And, in like manner, it may be shewn 
that CD is double of CG : But AB is equal to CD 
{Hyp,) ; and therefore also AF is equal to CG. 

Now, because AE is equal to EC, the square of AE 
is equal to the square of CE : But the squares of AF, 
FE are equal to the square of AE, because the angle 
AFE is a right angle, and for the like reason, the 
squares of OG, GE are equal to the square of CE ; 
therefore the squares of AF, FE are equal to the 
squares of CG, GE : But the square of AF is equal to 
the square of CG, because AF is equal to CG ; there- 
fore the remaining square of FE is equal to the remain- 
ing square of GE, and the straight line EF is therefore 
equal to EG : But straight lines in a circle are said to 
be equally distant from the centre, when the perpen- 
diculars drawn to them from the centre are equal 
(a. Def, 4) ; therefore AB, CD are equally distant from 
the centre. 

Next, let the straight lines AB, CD be equally dis- 
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tant from the centre, that is, let EF be equal to EQ : 
then AB shall be equal to CD. 

For, the same construction being made, it may be 
shewn, as before, that AB is double of AF, and CD 
of CO, and that the squares of AF, FE are equal to the 
squares of CG, OE, of which the square of F£ is equal 
to the square of 0£, because FE is equal to 6£ ; there- 
fore the remaining square of AF is equal to the remain- 
ing square of CG, and the line AF to the line CG : 
But AB is double of AF, and CD of CG ; therefore 
AB is equal to CD. 

Wherefore^ Equal straight lines ^, Q. e. )>. 

PROP. XV. Theob. 
Ths diameter is the greatest straight line in a circle, and, 
t^f #UI{ voters, that which is nearer to the centre is greater 
thani one more remote: and, conversely, the greaJt^ is 
nearer to the centre than the less^ 

Let ABCD 1t)e a circle, of which the diameter is AD, 
and the centre E, and let BC be neafer to the centre 
than FG : AD shall be greater than any straight line 
BC, which is not a diameter, and BC than FG. 

From the centre draw EH, EK, perpemliculars to 
BC, FG, and join EB, EC, EF : Then, because AE is 
equal to BE, and ED to EC, therefore the whole AD 
is equal to the two BE, EC : But BE, EC, 
are greater than BC ; therefore also AD is 
greater than BC: Again, because BC is 
nearer to the centre than FG, therefore EH 
is less than EK (3. Def. 6) : But, as in 
(8. 14), it may be shewn that BC is double 
of BH, and FG of FK, and that the squares of EH, HB 
are equal to the squares EK, KF : But the square of 
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EH is less than the square of EK, because EH is less 
than EK ; therefore the square of BH is greater than 
the square of FK, and the line BH greater than the 
line FK, and therefore also BC is greater than FG. 

Next, let BC be greater than FG : BC shall be nearer 
to the centre than FG, that is, the same construction 
being made, EH shall be less than EK. 

For, because BC is greater than FG, therefore also 
BH is greater than FK : But the squares of BH, HE 
are equal to the squares of FK, KE, of which the square 
of BH is greater than the square of FK, because BH is 
greater than FK ; therefore the square of EH is less than 
the square of EK, and the line EH than the line EK. 

Wherefore, The diameter S^, q.e.d. 

PROP. XVI. Theor. 

Th^traight line, drawn at right angles to the diameter of 
a circle from the extremity of it, falls toithout the circle : 
and no straight line can be draton from the extremity, 
hettoeen that straight line and the circumference, so as not 
to cut the circle. 

Let ABC be a circle, of which the centre is D, and 
the diameter AB : the straight line drawn at right 
angles to AB from, its extremity A shall fall without 
the circle. 

For, if not, let it fall, if possible, within the 
circle, as AC, and draw DC to the point C, where it 
meets the circiunference : Then, because DA is equal 
to DC, the angle DAC is equal to the 
angle DCA : But DAC is a right angle ; ^ 
therefore also DCA is a right angle, and 
the two angles DAC, DCA axe therefore 
equal to two right angles — ^which is impossible (I. 17) i 
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Therefore the straight line drawn from A at right 
angles to AB does not fall within the circle : And, in 
like manner, it may be demonstrated that it does not fall 
upon the circumference : Therefore it must fall without 
the circle, as AE. 

Also, between the straight line AE and the circum- 
ference, no straight line can be drawn from the point A, 
which does not cut the circle : For, if possible, let AF 
be between them; and from the centre D draw BG 
perpendicular to AF, meeting the circumference in H : 
Then, because AGD is a right angle, and DAG less 
than a right angle, therefore DA is greater 
than DG (1. 19) : But DA is equal to 
DH ; therefore also DK is greater than 
DG, the less than the greater — ^which is 
absurd: Therefore no straight line can 
be drawn from the x)oint A between AE 
and the circimiference, so as not to cut the circle. ^ 

Wherefore, The straight line S^c, a.E.D. 

Cor. From this it is manifest, that the straight line, 
drawn at right angles to the diameter of a circle from 
the extremity of it, touches the circle ; and that it 
touches it only in one point, because, if it met the 
circle in two, it would fall -^thin it (3. 2) : Also, it is 
evident that there can be but one straight line, which 
touches the circle in the same point. 

PROP. XVII. Prob. 

To draw a straight; line from a given point, either toithout 
or in the circumference, which shall touch a given circle. 

First, let the given point A be without the given 
circle BCD : it is required to draw from A a straight 
line which shall touch the circle BCD, 
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Find £, the centre of the circle, and join AE ; and 
firom the c^itre E, at the distance EA, describe the 
circle AFG ; from the point D draw DF at right angles 
to EA, and join EBF, AB : AB touches the circle BCD. 

For, because E is the centre of the circles AFG, BCD, 
£A is equal to £F, and ED to EB : 
Therefore the two sides AE, EB are 
e^ual to the two FE, ED, and the 
angle at E is common to the two tri- 
angles AEB, FED — ^therefore the base 
AB is equal to the base FD, and the triangle AEB to the 
triangle FED, and the other angles to the other angles, 
each to each, to which the equal sides are opposite ; 
therefore the angle ABE is equal to the angle FDE : 
But FDE is a right angle, therefore also ABE is a 
right angle : And EB is drawn from the centre ; but 
(8. 16. Cor,) a straight line, drawn at right angles to 
th^Uatneter of a circle, from the extremity of it, touches 
the circle ; therefore AB touches the circle, and it is 
drawn from the given point A. 

But if the given point be in the circumference of the 
circle, as D, draw DE to the centre E, and DF at right 
angles to DE : DF touches the circle, q. e. f. 

PROP. XVIII. Thbob™ 
If a straight line touch a circUy the airtUght line dravon 
from the centre to the point of conttxci ahall be perpendi^ 
cular to the line touching the circle. 

Let the straight line DE touch the circle 
ABC in the point C; take the centre F, 
and draw the straight line FC ; FC is per- 
pendicular to DE. 

For, if not, from the point F draw FBG 

/perpendicular to DE : Then, because FGC ^ c g B 
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is a right angle, therefore FCO must be less than a 
right angle (1. 17): and to the greater angle the 
greater side is opposite; therefore FC is greater than 
FG : But FC is equal to FB ; therefore also FB is 
greater than FG, the less tiiian the greater — ^which is 
absurd : Therefore FG is not perpendicular to D£ : 
And, in like manner, it may be shewn that no other 
line than FC can be perpendicular to D£, that is, FC m 
perpendicular to D£. 

Wherefore, If a straight line Sgc, a.B.D. 

PROP. XIX. Theor. 
Jf a straight line tottch a circle, and from the point of con- 
tact a straight line be drawn at right angles to the touch- 
ing line, the centre of the circle shall he in that line. 

Let the straight line D£ touch the circle ABC in C^ 
and from C let CA be drawn at right angles to D£ : *the 
centre of the circle shall be m CA. 

For, if not, let, if possible, F be the centre, and join 
CF: Then, because D£ touches the 
circle ABC, and FC is drawn from the 
centre to the point of contact, FC is per- 
pendicular to D£ (3. 18), and therefore 
FC£ is a right angle : But AC£ is also 
a right angle; therefore the angle FC£ ° 
is equal to the angle AC£, the less to the greater — 
which is absurd : Therefore F is not the centre of the 
circle ABC : And, in like manner, it may be shewn 
that no other point, which is not in CA, can be the 
centre, that is, the centre is in CA. 

Wherefore, ffa straight line S^c, q.e.d. 
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PROP. XX. Theob. 

ITie angle at the centre of a circle is dotible of the angle ai 
the circumference upon the same base, thcU is, upon the 
same part of the circumference. 

Let ABC be a circle, and BEC an angle at the centre, 
and BAG an angle at the circumference, which have 
the same part of the circumference, BC, for their base : 
the angle BEC shall be double of the angle BAG. 

First, let E, the centre of the circle, be within the 
angle BAG ; join AE, and produce it to F : Then, 
because EA is equal to EB, the angle EAB is equal to 
the angle EB A ; and therefore the angles 
EAB, EBA are double of the angle EAB : 
But the angle BEF (1. 32) is equal to the 
angles EAB, EBA ; therefore also the 
angle BEF is double of the angle EAB : 
In Hke manner, the angle FEG is double of the angle 
EAG : Therefore the whole angle BEG is double of the 
whole angle BAG. 

Next, let E, the centre of the circle, be without the 
angle BAG : join AE, and produce it to F : Then, as 
in the first case, it may be shewn that the 
angle FEG is double of the angle FAG, 
and that the angle FEB, a part of the first, 
is double of the angle FAB, a part of 
the other ; therefore the remaining angle 
BEG is double of the remaining angle 
BAG. 

"Wherefore, The angle ai tJie centre fjsc, q.e.b. 





PROP. XXI. Theob. 

T7ie angles in the same segment of a circle are equal to one 

another. 



BOOK III. 



101 



andy fii8t| 




Let ABCD be a circle, and BAD, BED, angles in the 
same segment BAED : the angles BAD, BED shall be 
equal to each other. 

Take F the centre of the circle ABCD 
let the segment BAED be greater than a 
semicircle, and join BF, FD : Then, be- 
cause the angle BFD at the centre and 
the angle BAD at the circumference haye 
the same part of the circmnference, idz. 
BCD, for their base ; therefore (3. 20) 
the angle BFD is double of the angle BAD : In like 
manner, the angle BFD is double of the angle BED : 
Therefore the angle BAD is equal to the angle BED. 

Next, let the segment BAED be not greater than 
a semicircle : draw AF to the centre, 
and produce it to C, and join CE : Then 
the segment BAEC is greater than a 
semicircle ; and the angles in it, BAC, 
BEC, are equal, by the first case : For 
the same reason, because the segment 
CAED is greater than a semicircle, the angles CAD, 
CED are equal ; Therefore the whole angle BAD is 
equal to the whole angle BED. 

Wherefore, The anglet in the game negmeni 8[e* q. e. n. 




PROP. XXn. Thbob. 

The opposite angles of any quadrUateml figwrt inscribed in 

a circle are together equal to two right angles, 

li^t ABCD be a quadrilateral figure inscribed in a 
circle : any two of its opposite angles shall be together 
equal to two right angles. 

Join AC, BD : Then, because the three angles of 
every triangle are together* equal to two right an^Ieas 
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the three angles of the triangle BAG, viz. ACB, BAG, 
GBA, are together equal to two right 
angles : But the angle ADB is equal to 
the angle AGB (3. 21), becaiise they are 
in the same segment ADGB ; and the 
angle BDG is equal to the angle BAG, ^V_.-^* 
because they are in the same segment BADG ; there- 
fore the whole angle ADG is equal to the angles AGB, 
BAG : To each of these equals add the angle ABG ; 
therefore the angles ADG, ABG are equal to the angles 
AGB, BAG, GBA : But AGB, BAG, GBA are together 
equal to two right angles; therefore also the angles 
ABG, ADG are together equal to two right angles : 
And, in like manner, it may be shewn that the angles 
BAD, BGD, are together equal to two right angles. 
Wherefore, The opposite angles S^c. a.E.D. 

PROP. XXm. Theoe. 
Vpon the same straight linef and upon the same side of it, 
there cannot be ttoo similar segments of circles^ not coin- 
ciding with one another. 

If it be possible, let two similar segments of circles, 
viz. AGB, ADB, be upon the same side of j> 
the same straight line AB, not coinciding //^^\ 
with one another: Now, because the ^^^ n^ 
circle AGB cuts the circle ADB in the A B 

two points A, B, they cannot cut one another in any 
other point (3. 10) ; and therefore one of the segments 
must fall within the other ; let AGB fall within ADB, 
and draw the straight line BGD, and join AG, AD. 

Then, because the segment AGB is similar to the 
segment ADB, and that similar segments of circles con- 
tain equal angles, the angle AGB is equal to the angle 
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ADB, the exterior to the interior — ^which is impossible : 
therefore the similar segments ACB, ADB, upon thesame 
side of the same straight line, AB, cannot but coincide. 
Wherefore, Upon the same 8fc, q.e.d. 

PROP. XXrV. Theor. 

Similar segments of circles upon equal straight lines are 

equal to one another. 

Let AEB, CFD be similar segments of circles upon 
equal straight lines AB, CD: the segment AEB is 
equal to the segment CFD. 

For if the segment AEB be applied to the segment 
CFD, so that the point A e v 

may be on C, and the straight ^ *\ 
line AB upon CD, the point a b c h 

B shall coincide with the point D, because AB is equal 
to CD : Therefore, the straight line AB coinciding with 
CD, the segment AEB must coincide with the segment 
CFD (a. 23), and must therefore be equal to it. 

Wherefore, Similar segments SfC, q. e. d. 

PROP. XXV. Prob. 
A segment of a circle being given, to describe the circle of 

which it is the segment. 

Let ABC be the given segment of a circle : it is re- 
quired to describe the circle of which it is the segment. 

Bisect AC in D, and from the point D draw DB at 
right angles to AC, and join AB. 

First, let the angles DAB, DBA be equal to one 
another : Then, be- n 

cause theangleDBA ^^5-,^ ^.^K- 
is equal to the angle // \ a<^— ?»^ 



DAB, therefore DB Jf © c e 

is equal to DA, and 
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therefore also to DC : And because the three straight 
lines DA, DB, DC are all equal, D is the centre of the 
circle (3. 9) : From the centre D, at the distance of 
any of the three DA, DB, DC, describe a circle ; this 
shall pass tjirou^ the extremities of the others, and be 
the circlie, of which ABC is a segment : Also, because 
the centre D is in AC, the segment ABC is a semicircle. 

Next, if the angles DA3* DBA be not equal to one 
another : At the point A, in the straight line B A, make 
the angle BA£ equal to the angle ABD, andpxoduoeBD, 
if necessary, to £, and join EC : Then, because the an- 
gle EAB is equal to the angle EBA, the straight line 
£A is equal to EB : And, because AD is equal to CD, 
and DE common to the triangles ADE, CDE, the two 
sides AD, DE are equal to the two CD, DE, each to 
each, and the angle ADE is equal to the angle CDE, 
for each of them is a right angle — ^therefore the base AE 
is equal to the base C£ : 

But EA was shewn to be equal to EB ; therefore also 
EB is equal to EC, and the three straight lines EA, 
EB, EC are equal to one another, and therefore E is 
the centre of the circle : From the centre E, at the dis^ 
tance of any of the three EA« EB^ EC, desc;;ibe a circle ; 
this shall pass through the other poinvts, and be the 
circle, of which A3C is a segment : ^so,. it is. evident, 
that if the angle DAB be greater than l^e angle DBA, 
the centre E, falls without the sequent ABC, which 
therefore is less than, a semicircle ;. but if the angle 
DAB be less than the angle DBA, the centre E fedls 
within the segmeut ABC, which is therefore greater 
than a semicircle : "Wherefore, a segment of a circle 
being given, the circle is described of which it is a 
segment, q. e. d. 
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PROP. XXVI. Theoe. 
In equal circles, equal angles stand upon equal circum- 
ferences, wTietJicr they he at the centres or circumferences. 

Let ABC, DEF be equal circles, and BGC, EHF 
equal angles at their centres, and BAC, EDF, at their 
circumferences, which stand on the circumferences BKC, 
ELF: the circumference BKC shall be equal to the 
circumference ELF. 

Join BC, EF : Then, because the circles ABC, DEF 
are equal, the straight lines 
drawn from their centres are 
equal : Therefore the two sides 
BG, GC are equal to the two 
EH, HF, and the angle at G is 
equal to the angle at H — ^there- 
fore the base BC is equal to the base EF : And, because 
the angle at A is equal to the angle at D, the segment 
BAC is similar to the segment EDF, and they are upon 
equal straight lines BC, EF : But similar segments of 
circles upon equal straight lines are equal to one another 
(3. 24) ; therefore the segment BAC is equal to the 
segment EDF : But the whole circle ABC is equal to 
the whole circle DEF ; therefore the remaining segment 
BKC is equal to the remaining segment ELF, and the 
circumference BKC to the circumference ELF. 

Wherefore, In equal circles S^c, q. e. d. 

PROP. XXVII. Theor. 
In equal circles, the angles which stand upon equal circum- 
ferences are equal to one another, whether they be at the 
centres or circumferences. 

Let ABC, DEF be equal circles, and let the anglea 
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BGC, EHF at the centres, and BAC, EDF at the 
circumferences, stand upon equal circumferences BC, 
EF : the angle BGC shall be equal to the angle EHF, 
and the angle BAC to the angle EDF. 

If the angle BGC be equal to the angle EHF, it is 
manifest (3. 20) that the angle BAC is also equal U> 
the angle EDF : But, if not, one of them must be the 
greater : Let BGC be the greater, and at the point 
G, in the straight line BG, 
make the angle BGK equal 
to the angle EHF : Then, 
because equal angles at the 
centre stand upon equal cir- 
cimiferences (3.^26), there- 
fore the circumference BK is equal to the circumference 
EF : But EF is equal to BC ; therefore also BK is 
equal to BC, the less to the greater — ^which is absurd : 
Therefore the angle BGC is not unequal to the angle 
EHF, that is, it is equal to it : And the angle at A is 
half of the angle BGC, and the an^e at D half of the 
angle EHF ; therefore also the angle at A is equal to 
the angle at D. 

Wherefore, In equai circles %c. Q. e. d. 

PROP. XXVin. TbEfiR. 
In equaX circles^ e^pml straight lines cut off eqval drcum- 
ferenceSy the greater equai to. the greater ^ and the less to, 
the less. 

Let ABC, DEF be equal circles, and BC, EF equal 
straight lines in them, which cut off the two greater 
circumferences BAC, EDF, and the two less BGC, 
EHF : the greater circumferehce BAC is equal to the 
greater EDF, and the less BGC to the less EHF. 





nooK III. 107 

Take K, L, the centres of the circles, and join BK, 
KC, EL, LF : Then, because 
the circles are equal, the 
straight lines from their cen- 
tres are equal ; therefore BK, 
KC are equal to EL, LF, each 
to each, and the base BC is 
equal to the base EF — therefore the angle BKC is equal 
to the angle ELF : But equal angles, at the centres, 
stand upon equal circumferences (3. 26) ; therefore the 
circumference BGC is equal to the circumference EHF : 
But the whole circle ABC is equal to the whole circle 
DEF; therefore the remaining circumference BAC is 
equal to the remaining circimiference EBF. 

Wherefore, In equaZ circles 8fc, a. e. d. 

PROP. XXIX. Theor. 

In equal circles, egued circumferences cure stibtended by equal 

straight lines. 

Let ABC, DBF be equal circles, and let B6C» EHF 
be equal circumferences, and join BC, EF : the straight 
line BC shall be equal to the straight line EF. 

Take K, L, the centres of the circles, and join BK, 
KC, EL, LF : Then, because the circumference BGC 
is equal to the circumference 
EHF, theangleBKCis equal 
to the angle ELF (3. 27) : 
Andbecause the circles ABC, 
DEF are equal, the straight 
lines from their centres are 
equal; therefore BK, KC are equal to LF, EL, each 
to each, and they contain equal angles — therefore the 
base BC is equal to the base EF. 

Wherefore, In equal circles SfC, a."B.'t>» 
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PROP. XXX. Prob. 

To Insect a given circtrniference^ that is, to divide it into 

two equal parts. 

Let ADB be the given circumference ; it is required 
to bisect it. 

Join AB, and bisect it in C ; from C draw CD at 
right angles to AB, and join AD, DB : the circum- 
ference ADB shall be bisected in the point D. 

Because AC is equal to CB, and CD common to the 
two triangles, ACD, BCD, the two sides AC, CD are 
equal to the two BC, CD, each to each, j, 

and the angle ACD is equal to the angle /y^^TNN 

BCD, because each of them is a right t/^ I ^ 
angle — therefore the base AD is equal A., c B 
to the base BD : But equal straight lines cut off equal 
circumferences, the greater equal to the greater, and 
the less to the less (3. 28) ; and AD, DB are each of 
them less than a semicircle, because DC passes through 
the centre (a. 1. Cor,) ; therefore the circumference AD 
is equal to the circumference DB : Wherefore the given 
circumference is bisected in D. q. e. f. 

PROP. XXXI. Theor. 

In any circle, the angle in a semicircle is a right angle, and 
the angle in a segment greater than a semicircle is less 
than a right angle, and the angle in a segment less tJmn 
a semicircle is greater than a right angle. 

Let ABCD be a circle, of which the diameter is BC, 
and centre E ; and draw CA, dividing the circle into 
the segments ABC, ADC, and join BA, AD, DC : the 
angle iu the semicircle BAC is a right angle, and the 
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angle in the segment ABC, which is greater than a 
semicircle, shall be less than a right angle ; and the angle 
in the segment ADC, which is less than a semicircle, 
43hall be greater than a right angle. 

Join AE, and produce B A to F : Then, because EA 
is equal to EB, the angle EAB is equal to the angle 
EBA, and, because EA is equal to EC, the angle EAC 
is equal to ECA; therefore the whole angle BAC is 
equal to the two angles ABC, ACB : But FAC, the ex- 
terior angle of the triangle ABC, is equal 
to the two angles ABC, ACB (I. 32) ; 
therefore the angle BAC is equal to the 
angle FAC, and each of them is there- 
fore a right angle : Therefore the angle 
BAC in a semicircle is a right angle. 

Again, because jthe two angles ABC, BAC of the 
triangle ABC are together less than two right angles 
(1. 17), and that BAC is a right angle, therefore ABC 
must be less than a right angle, and therefore the angle 
in a segment ABC, greater than a semicircle, is less 
than a right angle. 

Lastly, because ABCD is a quadrilateral figure in a 
circle, any two of its opposite angles are together equal 
to two right angles (3. 22) ; therefore the angles ABC, 
ADC are together equal to two right angles : But ABC 
is less than a right angle; therefore ADC is greater than 
a right angle, and therefore the angle in a segment ADC, 
less than a semicircle, is greater than a right angle. 

Wherefore, The angle S^c, q.e.d. 

Cob. From this it is manifest, that, if one angle of 
a triangle be equal to the other two, it is a right angle, 
because the angle adjacent to it is equal to the same 
two ; and, when the adjacent angles are equal, each of 
them is a right angle. 
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PROP. XXXTT. Theor. 
If a straight line touch a circle, and from the point of con' 
tact a straight line be drawn cutting the circle, the angle 
made by this line with the line touching the circle shall h 
equal to the angles which are in the alternate segments o^ 
the circle. 

Let the straight l^e EF touch the circle ABCD ii 
B, and from the point B let the straight line BD ht 
drawn, cuttrng the circle : the angles, which BD makei 
with the touching line EF, shall be equal to the anglei 
in the alternate segments of the circle, that is, th< 
angle FBD shall b^ equal to the angle in the segment 
BAD, and the angle iBBD to the angle in the segmern 
BCD. 

From the point B draw B A at ttight angles to EF 
and take any point C in the circumference 
BD, and join AD, DC, CB : Then, be- /^tS? 
cause the straight line EF touches the 
circle ABCD in the point B, and B A is 
drawn at right angles to the touching 
line from the point of contact B, the 
centre of ike circle is in BA (3. 19) : Therefore the 
angle ADB in a semicircle is a right angle (3. 31) ; 
and, consequently, the other two angles DAB, ABD, arc 
together equal to a right angle : But ABF is also a right 
angle ; therefore the angle ABF is equal to the two angles 
DAB, ABD : From each of these equals take away 
the common angle ABD ; then the remaming angle 
FBD is equal to the angle DAB, which is in the alter- 
nate segment of the circle : Again, because ABCD U 
a quadrilateral figure in a circle, the opposite angles 
DAB, DCB are together equal to two right angles 
(3. 22): But the angles FBD, EBD, are together 
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equal to two right angles ; therefore the angles FBD, 
£BD, are equal to the angles DAB, DCB: and the 
angle FBD has been proved equal to the angle DAB ; 
therefore the remaining angle EBD is equal to the angle 
DCB in the alternate segment of the circle. 
Wherefore, If a straight line S^c, q. b. d. 

PROP. XXXTTT. Prob. 

Upon a given straigJU line to describe a segment of a circle, 
containing an angle equal to a given rectilineal angle. 

Let AB be the given straight line, and C the given 
rectilineal angle : it is required to describe j— « 

upon the given straight line AB a seg- ' /^/\\ 
ment of a circle, containing an angle l^^ M 
equal to the angle C. A. F B 

First, let the angle at C b^ a right angle : bisect AB 
in F, and &om the centre F, at the distance FB, describe 
the semicircle AHB : then the angle AHB in a semi- 
circle (3. 31) is equal to the right angle at C. 

But if the angle C be not a right angle, at the point A, 

in the straight line AB, make the angle ^^ ^ 

BAD equal to the angle C, and from \ 

the point A draw AE at right angles 

to AD ; bisect AB in F, and from F 

draw FG at right angles to AB, and ^' 

join GB. 

Then, because AF is equal to FB, and FG p^mmon 
to the two triangles AFG, BFG, the two sides AF, FG 
are equal to the two BF, FG, each to each, and the angle 
AFG is equal to the angle BFG — ^therefore the base 
AG is equal to the base BG, and the circle described 
from the centre G, at the distance GA, shall pass through 
the point B : Let this be the circle AEB : And because 
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from the point A, the extremity of the diameter AE, AD 
is drawn at right angles to AE^ therefore AD touches the 
circle (3. 16. Cor,) : And because AB, drawn from 
the point of contact A, cuts the circle, the angle DAB 
is equal to the angle in the alternate segment AHB 
(3. 32) : But the angle DAB is 
equal to the angle C; therefore also 
the angle in the segment ATTR 
is equal to the angle C : Where- 
fore, upon the giyen straight line 
AB, the segment AHB of a circle is deseribed, which 
contains an angle equal to the giyen angle at C. q. b. f. 




y 



PROP. XXXIV. Prob. 

From a given circle to ciU off a segment , which ahaU con- 
tain an angle equal to a given rectilineal angle. 

Let ABC be the given circle, and D the given rectili- 
neal angle : it is required to cut off from the circle ABC 
a segment that shall contain an angle equal to the given 
angle D. 

Draw (3. 17) the straight line EF touching the circle 
ABC in the point B ; and at the point B, in the straight 
line BF, make the angle FBC equal to the angle D^. 

Then, because the straight line EF touches the circle 
ABC, and BC is drawn from the 
point of contact B, the angle FBC 
is equal to the angle in the alternate 
segment, BAC, of the circle (3. 32) : 
But the angle FBC is equal to the 
angle D ; therefore the angle in the segment BAC 
is equal to the angle D : Wherefore from the given 
circle ABC has been cut off the segment BAC, con- 
taining an angle equal to the given angle D. q.e. f. 
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PROP. XXXV. Theor. 




If two ^aigkt lines within a circle cut one another^ the rect- 
angle contained by the segments of one of them is equcU to 
the rectangle contained by the segments of the other. 

Let the two straight lines AC, BD, within the circle 
ABCD, cut one another in the point E : the rectangle 
contained by AE, EC shall be equal to the rectangle 
contained by BE, ED. 

If AC, BD pass, each of them, through the centre, 
so that E is the centre, it is evident that 
AE, EC, BE, ED, being all equal, the 
rectangle AE, EC is equal to the rect- 
angle BE, ED. 

But let one of them, BD, pass through 
the centre, and cut the other AC, which does not pass 
through the centre, at right angles, in the point E: 
Bisect BD in F, which must be the centre of the circle 
ABCD, and join AF: Then, because 
BD, which passes through the centre, 
cuts the straight line AC, which does not 
pass through the centre, at right angles 
in E, AC is bisected in E (3. 3) : And 
because the straight line BD is divided ** 

into two equal parts in the point F, and into two 
unequal in the point E, the rectangle BE, ED, to- 
gether with the square of EF, is equal to the square 
of FB (2. 5), that is, to the square of AF : But the 
squares of AE, EF are equal to the square of AF; 
therefore the rectangle BE, ED, together with the 
square of EF, is equal to the squares of AE, EF : 
Take away the conunon square of EF, and the remain- 
der, the rectangle BE, ED, is equal to the remainder, 
the square of AE, that is, to the rectangle AE, EC. 
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Next, let BD, which passes through the centre, cut 
the other AC, which does not pass through the centre, 
in E, but not at right angles: bisect, as before, BD in F, 
the centre of the circle ; join AF, and from F draw FG 
perpendicular to AC : Then AC is bisected in G ; 
therefore the rectangle AE, EC, together 
with the square of EG, is equal to the 
square of AG : To each of these equals 
add the square of GF ; therefore the rect- 
angle AE, EC, together with the squares 
of EG, GF, is equal to the squares of AG, GF : But 
the squares of EG, GF are equal to the square of EF, 
and the squares of AG, GF are equal to the square of 
AF ; therefore the rectangle AE, EC, together with the 
square of EF, is equal to the square of AF, that is, 
to the square of FB : But the square of FB is equal 
to the rectangle BE, ED, together with the square of 
EF ; therefore the rectangle AE, EC, together with the 
square of EF, is equal to the rectangle BE, ED, to- 
gether with the square of EF : Take away the common 
square of EF, and the remainder, the rectangle AE, 
EC, is equal to the remainder, the rectangle BE, ED. 

Lastly* let neither of the straight lines 
AC» BD pass through the centre: take 
the centre F, and through E, the inter- 
section of the straight lines AC, BD, draw 
the diameter GEFH : Then, because, as 
has been shewn, the rectangle GE, EH is equal to the 
rectangle AE, EC, and also to the rectangle BE, ED , 
therefore the rectangle AE, EC is equal to the rect- 
angle BE, ED. 

Wherefore, If two atimffht lines ^c. q.e.d. 
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PROP. XXXVI. Theor. 
If from any point without a circle two straight lines be 
drawn, one of which cuts the circle and the other touches 
it, the rectangle f contained by the whole line which cuts 
the circle and the part of it without the circle, shall 
be equal to the square of the line which touches it. 

Let D be any point without the circle ABC, and 
DCA, DB two straight lines drawn from it, of which 
DCA cuts the circle, and DB touches it : the rectangle 
AD, DC shall be equal to the square of DB. 

Furst, let DCA pass through the centre E, and join 
EB : Then EBD is a right angle (3. 18) : 
And because AC is bisected in E, and pro- 
duced to D, the rectangle AD, DC, together 
with the square of EC, is equal to the 
square of ED (2. 6) : But EC is equal to 
EB ; therefore the rectangle AD, DC, to- 
gether with the square of EB, is equal to 
tiie square of ED : But the square of ED is equal 
to the squares of EB, BD, because EBD is a right 
angle ; therefore the rectangle AD, DC, together with 
the square of EB, is equal to the squares of EB, BD : 
Take away the common square of EB ; therefore the 
remainder, the rectangle AD, DC, is equal to thie 
square of DB. 

Next, let DCA not pass through the centre of the 
circle ABC ; take the centre E, and draw EF perpendi- 
cular to AC, and join EB, EC, ED : Then because 
EF, which passes through the centre, cuts 
AC, which does not pass through the centre, 
at right angles, it also bisects it ; therefore 
AF is equal to FC : And because AC is 
bisected in F, and produced to D, the rect- 
angle AD, DC, together with the square of 
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FC, is equal to the square of FD : To each, of these 
equals add the square of F£ ; therefore the rectangle 
AD, DC, together with the squares of CF, FE, is 
equal to the squares of DF, F£: But the square 
of CE is equal to the squares of CF, FE, because 
CFE is a right angle, and the square of DE is equal 
to the squares of DF, FE; therefore the rectangle 
AD, DC, together with the square of CE, is equal 
to the square of DE: And CE is equal to BE; 
therefore the rectangle AD, DC, together with the 
square of BE, is equal to the square of DE: But 
the squares of DB, BE are equal to the square of 
DE, because DBE is a right angle; therefore the 
rectangle AD, DC, together with the square of BE, 
is equal to the squares of DB, BE : Take away the 
common square of BE ; therefore the remainder, the 
rectangle AD, DC, is equal to the square of DB. 

Wherefore, If from any point Ssc q. e. d. 

Cob. If from any point without a circle, there be 
drawn two straight lines cutting it, as AB, 
AC, the rectangles, contained by the whole 
lines and the parts of them without the 
circle, are equal to one another, viz. the 
rectangle BA, AE, to the rectangle CA, AF ; 
for each of them is equal to the square of 
the straight line AD, which touches the circle. 

PROP. XXXVn. Theor. 

If from a point without a circle there he dravm ttoo straight 
lines f one of which ctUs the circle, and tJie other meets it, 
then, if the rectangle, contained by the whole line which 
cuts the circle and the part of it without the circle, 
be equal to the square of the line which meets it, the line 
which meets shaU tottch the circle. 
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Let any point D be taken without the circle ABC, 
and from it let two straight lines, DCA, DB, be drawn, 
of which DCA cuts the circle, and DB meets it, and 
let the rectangle AD, DC be equal to the square of 
DB : DB shall touch the circle. 

Draw the straight line DE, touching the circle ABC 
(8. 17) ; find its centre F, and join FB, FD, FE : 
Then FED is a right angle (3. 18) : And because 
DE touches the circle ABC, and DCA cuts it, the 
rectangle AD, DC is equal to the square of DE 
(3. 36): But {hyp.) the rectangle AD, DC is equal 
to the square of DB ; therefore the square of DE 
is equal to the square of DB, and the straight line 
DE to the straight line DB : And EF 
is equal to BF ; therefore the two DE, 
EF are equal to the two DB, BF, each 
to each, and the base DF is common 
to the two triangles DEF, DBF— there- 
fore the angle DEF is equal to the angle 
DBF : But DEF is a right angle ; there- 
fore also DBF is a right angle: And BF, if pro- 
duced, is a diameter; and the straight line which is 
drawn at right angles to a diameter, from the extre- 
mity of it, touches the circle (3. 16) ; therefore DB 
touches the circle ABC. 

Wherefore, If from a point %c, q. e. ». 
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1. Describe a circle of giyen radius, which shall 
pass through two given points. 

2. If with the vertex of an isosceles triangle, as 
centre, a circle be described cutting the base or base 
produced, the ;parts of it intercepted between the circle 
and the extremities of the4>ase will be equal. 

3. If two circles cut each other, any two parallel lines 
drawn through the points of section to cut the circles 
are equal. 

4. If two circles cut each other, draw through one of 
the points of section a line which shall be terminated in 
the circumferences and be bisected in that point. 

6. A chord PAQ cuts the diameter of a circle in A 
in an angle which is half a right angle : shew that the 
squares of AP and AQ are together double of the 
square of the radius. 

6. If two chords intersect in a circle, the difference 
of their squares is equal to the difference of the squares 
of the difference of uie segments. 

7. Two parallel chords in a circle are respectively six 
and ei^ht inches in length, and are one inch apart : how 
many mches in length is the diameter ? 

8. Draw a line cutting two concentric circles, so 
that the part of it intercepted by the circumference of 
the greater may be double me part intercepted by that of 
the less. 
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9. If two circles cut each other, the greatest line that 
can be drawn through the point of intersection is that 
which is parallel to tiie line joining their centres. 

10. Describe three equal circles touching one another, 
and also another which shall touch them all three. 

11. How many equal circles can be described around 
another circle of the same magnitude, touching it and 
one another ? 

12. Describe a circle which shall pass through a 

S'ven point, and touch a given circle in a given poiat, 
le two points not being in a tangent to the given 
■circle. 

13. Describe a circle which shall touch a given circle 
in a given point, and also touch a given straight line. 

14. If from any point without a circle two lines be 
drawn making equal angles with the line through the 
centre 'from that point, they will cut off equal segments 
from the circle. 

15. Through a given point within a circle draw the 
least possible chord. 

16; Of all lines which touch the interior and are 
bounded by the exterior of two circles which touch 
internally, the greatest is that which is parallel to the 
common tangent. 

17. Shew that the two tangents to a circle drawn 
from the same point without it are equal to one another ; 
and hence prove that the sums of the opposite sides of 
any quadrilateral described about a circle are equal, and 
the angles subtended at the centre of the circle by any 
two opposite sides together equal to two right angles. 

18. If any line be drawn touching a circle, the part 
of it intercepted between the tangents at the extremities 
of any diameter subtends at the centre a right angle. 

19. In the diameter of a circle produced determine a 
point from which a tangent drawn to the circle shall be 
equal to the diameter. 
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20. Describe a circle which shall pass through a giyen 
point, have a giyen radius, and touch a given line. 

21. Describe a circle whose centre shall be in tiie 
perpendicular of a given right-angled triangle, and which 
shall pass through the right angle and touch the hypo- 
thenuse. 

22. A is any point in the diameter (or diameter pro- 
duced) of a circle, whose centre is O, OB a radius per- 
pendicular to the diameter : if AB cut the circle in P, 
and the tangent at P cut AO in C, shew that AC=CP. 

23. A common tangent is drawn to two circles which 
touch externally : if a circle be described on that part 
of it which lies between the points of contact, as diame- 
ter, it wiU pass through the point of contact of the two 
circles, and be touched by the line joining their centres. 

24. Describe a circle with given radius and its centre 
in a given line, which shall touch another given line. 

25. Describe a circle, which shall touch a given line 
in a given point, and also touch a given circle. 

26. Draw a common tangent to two circles, when the 
points of contact are (i) on the same side, and (ii) on 
opposite sides, of the line joining their centres. 

27. Draw a line which shall touch a given circle, and 
make with a given line a given angle. 

28. Describe two circles of given radii, which shall 
touch each other, and the same given line on the same 
side of it. 

29. If two circles touch each other, and parallel 
diameters be drawn, then lines which join the extremi- 
ties of these diameters will pass through the point of 
contact. 

30, The line, drawn from the vertex of an equi- 
lateral triangle to meet the circimiscribing circle in any 
point, is equal to the sum or difference of the two lines 
drawn from the extremities of the base to that point, 
according as it does or does not cut the base. 
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31. AB, AC are any two chords of a circle, D, E, the 
bisections of the arcs AB, AC : let DE cut AB, AC in 
F, G, and shew that AF= AG. 

32. If the opposite angles of a quadrilateral be to- 
gether equal to two right angles, shew that a circle may 
be described about it, and find its centre and radius. 

33. ABCD is a parallelogram-; draw CE perpendi- 
cular to the diagonal BD, and shew that perpendiculars 
upon AB, AD at the points B, D, wiU intersect in CE. 

34. The circles described on the three sides of a 
triangle, so as to pass through the points of intersection 
of the perpendiculars upon them from the opposite 
angles, are equal to each other. 

35. Two circles intersect in A, B, the centre of one 
being in the circumference of the other : draw any chord 
ACD cutting them both, and shew that CB = CD. 

36. If from any two points in the circumference of a 
circle there be drawn two lines to a point in any tangent 
to the circle, they will make the greatest angle when 
drawn to the point of contact. 

37. Given three points in a circle : shew how we 
may find any number of other points, without knowing 
the position of the centre. 

38. If through the angles of a quadrilateral, lines 
bisecting them be drawn, the points in which each line 
intersects the adjacent ones will all lie in the circum- 
ference of a circle. 

39. ABC is a semicircle, ADC a quadrant, upon 
the same line AC and on the same side of it ; from any 
point B in the semicircle draw B^, BDC, and shew 
that BA and BD are equal, and that the longer only of 
the lines AB, AC, can cut the circle ADC. 

40. K any chord of a circle be bisected by another 
and produced to meet the tangents at the extremities 
of the bisecting line, the parts iutercepted between the 
tangents and the circimiferences are equal. 

'a. 
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41. From the extremities A, C of a given circular arc, 
equal arcs AB, CD are measured in opposite directions ; 
shew that the chords AC, BD are paiuUel. 

42. The arcs intercepted between any two parallel 
chords of a circle are equal ; and if any two chords of a 
circle intersect each o&er, the sum of the arcs inter- 
cepted by them is equal to the sum of the arcs inter- 
cepted by diameters parallel to them. 

43. A, B, C, A', B', C are points in the circumference 
of a circle ; if AB, AC be respectively parallel to A'B', 
A'C, shew that BC is paralld to B'C. 

44. If two equal circles cut each other, and from 
either point of intersection a circle be described cutting 
them, the point where this circle cuts tliem and the 
other point of intersection of the equal circles are in the 
same straight line. 

45. If two equal circles cut each other and from 
either point of intersection a line be drawn cutting the 
circumferences, the part of it between them wiU be 
bisected by the circle, whose diameter is the common 
chord of the equal circles. 

46. If two circles cut each other, and any two 
points be taken in the circumference of one throttgh 
which lines are drawn from the points of intersection 
cutting that of the other, the lines, joining the points of 
section with the latter circle of those drawn through the 
same point, will be equal. 

47. A, B are given points: if AC, BC are drawn, 
making a given angle with each other, shew that the 
line bisecting that angle passes through a fixed point. 

48. If perpendiculars be dropped from the extremi- 
ties of any diameter upon any chord of a circle, the 
parts of the chord, intercepted between them and the 
circle, will be equal, and the less perpendicular shall be 
equal to the segment of the greater contained between 
the chord and circumference. 
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49. If the base of a triangle be bisected by the 
diameter of the circumscribing circle, and from the 
extremity of that diameter a perpendicular be let iall 
on the longer side, it will divide that side into segments, 
one of which is equal to the semisum and the other to 
the semidifference of the sides. 

50. Given the radius of a circle, that touches two 
given lines not parallel, determine its centre. 

51. Find a point in the diameter produced of a given 
circle, such that, if tangents be drawn from it to the 
circle, the concave part of the circumference may be 
double of the convex. • 

62. The line drawn through the bisection of any arc 
of a circle, parallel to its chord, is a tangent to the 
circle at that point : and the radius which bisects the 
chord of an arc bisects also the arc. 

53. If, from each extremity of two adjacent arcs of 
a circle, lines be drawn through two given points in the 
opposite circimiference and produced till they meet, the 
angles formed by these lines will be equal. 

64. If from the middle point of any arc of a circle, 
a perpendicular be drawn to the diameter through one 
extremity, it will bisect the segment of the chord cut 
off by the line, which joins the middle point aforesaid 
and the other extremity of the diameter. 

55, Two equal circles pass throurfi each others' 
centres A, B : if any common chord CEFD, be drawn 
parallel to AB, shew that the figures ACEB, AFDB, 
are parallelograms; and, if AF-be produced to meet 
the circ\miferen<^s again in G and H, shew that EF 
and FH, as alsa^Cl^ and GH, are equal. 

56, ABC is # triangle inscribed in a circle, DEF 
a diameter cutting BC at right angles in E : shew that 
the difference of Sie angles at B and C is double of the 
angle AFD. 

57. ACB, ADB are arcs of equal circles on the 
same line AB and on the same side of it : draw any 
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chord ACD cutting them both, and shew that BC and 
BD are equal. 

58. If two chords in a circle intersect each other, the 
angle between them is half the angle at the centre 
subtended by an arc, which is eqiud to the sum or 
difference of tiie arcs intercepted by them, according as 
they intersect tcithin or without the circle. Shew also 
that if they intersect at right angles, the sum of any 
two opposite arcs equals haSf the circumference. 

59. If circles be described on the two sides of a right- 
angled triangle as diameters, they wiU be touched by a 
circle, whose centre is tht bisection of the hypothenuse, 
and diameter equal to the sum of the sides. 

60. If perpendiculars Aa, B&, Cc be drawn from 
the ansular points of a triangle ABC upon the sides, 
shew tnat they will bisect the angles of the triangle 
abc, 

61. If a circle be described on the radius of another 
circle, any line drawn from the point where they meet 
to the outer circumference is bisected by the inner. 

62. The circles described on the sides of an^ triangle 
as diameters will intersect in the sides, or sides pro- 
duced, of the triangle. 

63. If from the extremity of the diameter of a circle 
any chord be drawn, shew that its middle point wiU 
always lie in the circumference of a given circle. 

64. If an eqidlateral triangle be inscribed in a circle, 
and the adjacent arcs cut off by two of its sides be 
bisected, the line joining the points of section will be 
trisected by the sides. .« 

65. The vertical angle of any obli^e-angled triangle 
inscribed in a circle is greater or less than a right-angle 
by the angle contained by the base and the diameter 
drawn frt)m the extremity of the base : and no parallel- 
ogram can be inscribed in a circle exotpt a rectangle. 

66. Prom one extremity of a line, which cannot be 
produced, draw a line perpendicular to it. 
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67. ABC is an equilateral tjriangle^ D, £, F the 
bisections of its sides ; shew that DF touches the circle 
CDE. 

68. If upon any radius of a circle a circle be 
described, and any other two radii be drawn cutting 
it, the chord of the arc intercepted by them is equal to 
the perpendicular from the extremity of one upon 
another. 

69. If two circles touch each other and any two lines 
be drawn passing through the point of contact, the 
chords of the intercepted arcs will be parallel. 

70. If a semicircle be described on the side of a quad- 
rant, and from any point in the quadrantal arc, a radius 
be drawn, the part of it between the quadrant and the 
semicircle is equal to the perpendicular from the same 
point on the common tangent. 

71. Given one angle, the side opposite, and the sum 
of the other two sides, construct the triangle. 

72. Given the area and hypothenuse of a right-angled 
triangle : construct it. 

73. Given the base, vertical angle, and altitude: 
construct the triangle. 

74. Of all triangles on the seme base and having the 
same vertical an^le, the isosceles is greatest ; and, con- 
versely, of all triangles on the same base and between 
the same parallels, me isosceles has the greatest vertical 
angle. 

75. Through three given points draw three lines, so 
as to make an equilateral triangle. 

76. If two circles cut each other, draw through the 
point of section a line cutting both Hie circles and equal 
to a given line ; and hence through three given points 
draw lines, so as to make a triangle equal in all respects 
to a given trian^. • 

77. Find a point within a triangle at which the 
three sides shall subtend equal angles : and shew that 
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if on the three sides of a triangle towards the same parts 
similar segments of circles be described, and from the 
extremities of the base tangents to the segment upon it 
be drawn to cut the other circumferences, the points of 
intersection and the vertex will be in the same line 
parallel to the base. 

78. AB is the diameter of a circle, CD a chord 
perpendicular to AB ; if through any point P in CD a 
chord APQ be drawn, the rectangle AP, AQ is con- 
stant. 

79. Given the area, one angle, and a line drawn 
from one of the others bisecting me opposite side : con- 
struct the triangle. 

80. Describe a circle which shall pass through two 
given points and touch a given line : and shew that, of 
all triangles upon a given base and between the same 
parallels, the isosceles has the greatest vertical angle. 

81. Describe a circle which shall pass through two 
given points and touch a given line in a given point. 

82. Through a given point describe a circle touch- 
ing two given Imes. 

83. Describe a circle touching two given lines and 
a given circle. 

84. Describe an isosceles triangle, having given the 
base angle and the perpendicular from it upon the 
opposite side. 

85. If from the centre of a circle a line be drawn to 
any point in the chord of an arc, the square of that line 
together with the rectangle of the segments of the chord 
wul be equal to the square of the radius. 

86. Let the diameter of a circle cut at right angles in 
A a given chord, and let any other chord, BC, cut the 
same chord in D : then the simi of the square of AD 
and the rectangle of BD, CD is constant. 

87. If through any point within or without a circle 
two lines cut each other at right angles, the sums of the 
squares of the two lines joining their extremities, and 
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also the sum of the squares of the four segments, are 
each equal to the square of the diameter. 

88. If there be any three circles in a plane, and, 
through the centres of each two of them, a circle be 
descru)ed touching the third, the lines, joining the 
centre of each of the circles with the point in whida the 
circles passing through it intersect, will meet in the 
same point. 

89. Two points are taken in the diameter of a circle 
at any equal distances from the centre : through one 
of these draw any chord, and join its extremities with 
the other point ; and shew that the triangle thus formed 
has the sum of the squares of its sides invariable, 

90. ABC is a triangle whose acute vertex is A; 
shew that the square of BC is less than the squares of 
AB, AC by twice the square of the line drawn from. A 
to touch the circle on BC as diameter. 

91 . If any number of circles be drawn through two 
given points cutting a given circle, the lines which join 
the pomts of intersection shall all meet the line joining 
the two given points in the same point. 

92. If three circles cut each other two and two, 
their three chords of intersection meet in a point. 

93. Let ACDB be a semicircle, whose diameter is 
AB, and AD, BC any two chords intersecting in P ; 
shew that AB=AD.AP+BC.BP. 

94. Let a common tangent be drawn to any nimiber of 
circles which touch each other internally, and with any 
point of this tangent as centre describe a circle cut- 
ting the other circles ; then if from this centre lines 
be drawn through the intersections of the circles, the 
segments of these lines within each circle will be ejflial. 

95. A rod of given length is moved betwixt two 
fixed straight lines CP, CQ ; the perpendiculars from 
P, Q upon CP, CQ meet in R, and those from P, Q 
upon CQ, CP meet in S ; shew that the loci of R, S are 
circles with common centre C. 
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96. If a semicircle be inscribed in a ligbt-angled 
triangle so as to touch the hypothenuse and perpendi- 
cular, and from the end of its diameter a line be drawn 
through the point of contact to meet the perpendicular 
produced, the part produced wUl be equal to the per- 
pendicular. 

97. The circle described throug;h any two of the 
angular points of a triangle and the intersection of the 
perpendiculars firom the angles on the opposite sides 
will be equal to the circumscribing circle of the tri- 
angle. 

98. AB, CD are chords of a circle, centre O, inter- 
secting at right angles in E : shew that the squares of 
AB, CD together with four times the square of OE are 
double of the square of the diameter. 

99. If ABCD be a parallelogram, and if a circle be 
described through A, cutting the sides AB, AD, and 
the diagonal AC, in F, H, G, respectively, then 

AB.AF+AD.AH=AC.AG. 

100. Given the vertical angle, the difference of the 
sides containing it, and the difference of the segments 
of the base, made bv a perpendicular from the vertex : 
construct the triangle. 
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DEFINITIONS. 

I. A BBCTiLiNEAL figuxe is said to be inBcribed in 
another rectilineal figure, when all the angles of the 
inscribed figure are upon the sides of the figure 
in which it is inscribed, each upon each. 

II. In like manner, a figure is said to be 
described about another figure, when all the 
sides of the circumscribed figure pass through the angular 
points of the figure about which it is described, each 
through each. 

III. A rectilineal figure is said to be in- 
scribed in a circle, when all the angles of 
the inscribed figure are upon the circum- 
ference of the circle. 

IT. A rectilineal figure is said to be described about 
a circle, when each side of the circumscribed % ^ n . . 
figure touches the circumference of the circle. ^ ^ 

y. In like manner, a circle is said to be 
inscribed in a rectilineal figure, when the i^ *^ 




circumference of the circle touches each side of the 
figure. 

Yi. A circle is said to be described about 
a rectilineal figure, when the circumference 
of the circle passes through all the angiilar 
points of the figure about which it is de- 
scribed. 
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Yii. A straight line is said to be placed in a circle, 
when the extremities of it are in the circumference of 
the circle. 




PROP. I. Pbob. 

In a given circle to place a straight line, equal to a given 
straight line which is not greater than the diameter of the 
circle, 

LefABC be the given circle, and D the given straight 
line, not greater than the diameter of the circle : it is 
required to place in the circle ABC a straight line equal 
to D. 

Draw BC the diameter of the circle ABC : Then, if 
BC is equal to D, the thing required 
is done; for in the circle ABC, a 
straight line BC is placed equal to 
D : But, if it is not, BC is greater 
than D : make CE equal to D, and 
from the centre C, at the distance C£, describe the 
circle AEF, and join CA : Then, because C is the 
centre of the circle AEF, CA is equal to CE : But CE 
is equal to D ; therefore CA is equal to D : Where- 
fore, in the circle ABC, a straight line is placed equal 
to the given straight line D, which is not greater than 
the diameter of the circle, q. e. f. 

PROP. n. Prob. 

In a given circle to inscribe a triangle equiangvlar to a given 

triangle. 

Let ABC be the given circle, and DEF the given 
triangle: it is reqiiired to ioscribe in the circle ABC 
a triangle equiangular to DEF. 
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Draw the straight line G AH touching the circle in the 
point A (a. 17) ; and, at the point A, in the straight line 
AH, make the angle HAO equal to the angle DEF, and 
al Hie point A, in the straight o 

line AG, make the angle GAB jj ^^^^^-j^L 
equal to the angle DFE, and join A 
BC: Then, because GAH touches aP 
the circle ABC, and AC is drawn bX^_^C 

from the point of contact cutting the circle, the angle 
HAC is equal to the angle ABC in the alternate seg- 
ment of the circle (3. 32) ; but the angle HAC is equal 
to the angle DEF ; therefore also the angle ABC is 
equal to the angle DEF : For the like reason, the angle 
ACB is equal to Hie angle DFE : Therefore the re- 
maining angle BAC is equal to the remaining angle 
EDF : Wherefore the triangle ABC is equiangular to 
the given triangle DEF, and it is inscribed in the given 
circle ABC. Q. e. p. 

PROP. m. Pbob. 

About a ffiven circle to describe a triangle equiangular to a 

given triangle. 

Let ABC be the given circle, and DEF the given tri- 
angle : it is required to describe about the circle ABC 
a triangle equiangular to the triangle DEF. 

Produce EF both ways to the points G, H ; find the 
centre K of the circle ABC, 
andfromit drawany straight 
line KB ; at the point K in 
the straight line BK, make 
the angle BKA equal to the 
angle DEG, and the angle 
BKC equal to the angle 




F £C 
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DFH ; and through the points A, B, C, draw the straight 
linesLAM,MBN, NCL, touching the circle ABC (3. 17). 
Then, because LM, MN, NL touch the circle ABC in 
the points A, B, C, to which from the centre are drawn 
EA, KB, KC, therefore the angles at the points A, B, C 
are right angles (3. 18) : And because the four angles 
of the quadrilateral figure AKBM are equal to four 
right angles (for it can be divided into two triangles), 
and that two of them KAM, £BM are right angles, 
therefore the other two AKB, AMB are together equal 
to two right angles : But the angles DEG, DEF are 
also together equal to two right angles ; therefore the 
angles AKB, AMB are equal to the angles DEG, DEF, 
of which AKB is equal to DEG, and therefore the 
remaining angle AMB, or LMN, is equal to the remain- 
ing angle DEF : And in like manner, the angle LNM 
may be shewn to be equal to DFE : And therefore 
the remaining angle MLN is equal to the remaining 
angle EDF: Wherefore the triangle LMN is equi- 
angular to the given triangle DEF, and it is described 
about the given circle ABC. q. e. f. 

PROP. rv. Pbob. 
To inscribe a circle in a given triangle. 

Let ABC be the given triangle : it is required to 
inscribe a circle in the triangle ABC. 

Bisect the angles ABC, ACB by the straight lines 
BD, CD, meeting one another in the 
point D, from which draw DE, DF, DG 
perpendiculars to AB, BC, CA. 

Then, because the angle DBE is 
equal to the angle DBF (for the angle 
ABC is bisected by BD), and that the 
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right angle DEB is equal to the right angle DFB, the 
two triangles DEB, DFB have two angles of the one 
equal to two angles of the other, each to each, and the 
side D'Ei, which is opposite to one of the equal angles 
in each, common to both — ^therefore their other sides 
are equal, and therefore DE is equal to DF: For 
the like reason, DO is equal to DF : Therefore the 
three straight lines DE, DF, DO are equal to one 
another, and the circle described from the centre D, 
at the distance of any one of them, shall pass through the 
extremities of the otiier two, and shall touch the straight 
lines AB, BC, CA, because the angles at the points 
E, F, G are right angles, and the ttraight Kne which is 
draton from the extremity of a diameter at right angles to 
it, touches the circle (3. 16) : Wherefore the straight lines 
AB, BC, CA do each of them touch the circle, and the 
circle EFG is inscribed in the given triangle ABC. 

Q.E.F. 

PROP. V. Pbob. 
To describe a circle about a given triangle. 

Let ABC be the given triangle: it is required to 
describe a circle about the triangle ABC. 

Bisect AB, AC, in the points D, E, and from D, E, 
draw DF, EF at right angles to AB, AC ; DF, EF 




produced, will meet one another ; (for, if they do not 
meet, they are parallel, and therefore AB, AC, which 
are at right angles to them, are parallel — which is 
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absurd ;) let them meet in F, and join FA ; also, if the 
point F be not in BC, join BF, CF. 

Then, becaiise AD is equal to BD, and DF common, 
and at right angles to AB, therefore the base FA is 
equal to the base FB : In like manner, it may be 
shewn that FA is equal to FC ; and therefore FB is 
equal to FC, and FA, FB, FC are equal to one 
another : Wherefore the circle described from the 
centre F, at the distance of any one of them, shall pass 
through the extremities of the other two, and be de- 
scribed about the given triangle ABC. q. e. f. 

Cob. And it is manifest, that if the centre of the 
circle faH within the triangle, each of its angles. is less 
than a right angle, each of them being in a segmjent 
greater than a semicircle ; but, if the centre be in one 
of the sides of the triangle, the angle opposite to this 
side, being in a semicircle, is a right angle ; and if the 
centre fall without the triangle, the angle opposite to 
the side beyond which it falls, being in a segment less 
than a semicircle, is greater than a right angle : Where- 
fore, if the given triangle be acute-angled, the centre of 
the circle will fall within it ; if it be right-angled, the 
centre will be in the side opposite to the right angle ; 
and if it be obtuse-angled, the centre will fall without 
the triangle, beyond the side opposite to the obtuse 
angle. 

PROP. VI. Pbob. 
To inscribe a square in a given circle. 

Let ABCD be the given circle : it is reqidred to 
inscribe a square in ABCD. 

Draw two diameters AC, BD, intersecting one another 
at right angles in £, and join AB, BC, CD, DA : Then, 
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because BE is equal to ED (for E is the centre) ^ and 
. that EA is conunon, and at right angles to BD — ^Hiere- 
fore the base AB is equal to the base AD : 
And, for the like reason, BC, CD are 
each of them equal to BA, or AD : 
And therefore the quAdrilateral figure 
ABCD is equilateral: It is also rect- 
angular ; for the straight line BD being 
the diameter of the circle ABCD, BAD is a semicircle, 
and therefore the angle BAD is a right angle (3. 31) : 
For the like reason, each of the angles ABC, BCD, 
CD A is a right angle : And therefore the quadrilateral 
^gure ABCD is rectangular : And it has been shewn 
to be equilateral ; therefore it is a square, and it is in- . 
scribed in the given circle ABCD. q.e.f. 

PROP. Vn. Pbob. 
To describe a square about a given circle. 

Let ABCD be the given circle: it is required to 
describe a square about it. 

Draw two diameters AC, BD, at right angles to one 
another, and through the points A, B, C, D, o- A. ]< 



draw FG, GH, HK, KF touching the circle U^ 
(3. 17) : Then, because FG touches the B ^ 
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circle ABCD, and EA is drawn from the V^ _^ 
centre E to the point of contact A, the H c ic 
angles at A are right angles (3. 1 8) : For the like reason, 
the angles at the points B, C, D are right angles : And be- 
cause the angle AEB is a right angle, as also the angle 
EBG, therefore GH is parallel to AC (I. 28) : For the 
like reason, AC is parallel to FK : And, in like manner, 
GF, HK may be shewn to be, each of them, parallel to 
BED : Therefore the figures GK, AH, AK, BF, BK, 
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are parallelograms ; and GF is therefore equal to HK, 
and OH to FK : And because AC is equal to BD, and 
that AC is equal to each of the two GH, FK, and BD 
to each of the two GF, HK, therefore GH, FK are each 
of them equal to GF, or HK ; and therefore the quad- 
rilateral figure FGHK is equilateral : It is also rect- 
angular ; for, AEBG being a parallelogram, and A£B 
a right angle, therefore also AGB is a right angle 
(1. 34) : And, in like manner, it may be shewn that 
the angles at F, H, K are right angles ; therefore the 
quadrilateral figure FGHK is rectangular : And it was 
shewn to be equilateral ; therefore it is a square, and 
it is described about the given circle ABCD. q.e.f. 

PROP. Vm. Pbob. 
To inscribe a circle in a given square. 

Let ABCD be the given square: it is required to 
inscribe a circle in ABCD. 

Bisect each of the sides AB, AD in the points F, E, 
and through £ draw £H parallel to AB or DC, and 
through F draw FK parallel to AD or BC. 

Then each of the figures AK, KB, AH, HD, AG, GC, 
BG, GD is a parallelogram ; and their a x i> 
opposite sides are equal : And because 
AD is equal to AB, and that A£ is the 
half of AD, and AF the half of AB, 
therefore AE is equal to AF, and there- B a a 
fore also the sides opposite to these are equal, viz. 
FG to G£ : In like manner it may be shewn that 
GH, GK are each of them equal to GF or GE : There- 
fore the four straight lines GE, GF, GH, GK are equal 
to one another, and the circle described from the centre 
G, at the distance of any one of them, shaU pass through 
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the extremities of the other three, and touch the straight 
lines AB, BC, CD, DA, hecause the angles at the points, 
£, F, H, K, are right angles (3. 16) : Therefore each 
of the straight lines AB, BC, CD, DA touches the 
circle, which is therefore inscribed in the square ABCD. 
a.B.F. 

PROP. IX. Pbob. 
To describe a circle about a given aqucvre. 

Let ABCD be the given square: it is required to 
describe a circle about it. 

Join AC, BD, cutting one another in E: Then, 
because AB is equal to AD, and AC common to the two 
triangles BAC, DAC, the two sides BA, 
AC are equal to the two DA, AC, each to 
each, and the base BC is equal to the base 
DC — ^therefore the angle BAC is equal to 
the angle DAC, and the angle BAD is 
bisected by the straight line AC : In like manner, it 
may be shewn that the angles ABC, BCD, CDA are 
severally bisected by the straight lines BD, AC : There* 
fore, because the angle DAB is equal to the angle ABC, 
and that the angle EAB is the half of DAB, and EB A 
the half of ABC, therefore the angle EAB is equal to the 
angle EB A, and the side EA to the side EB : And, in 
like manner, it may be shewn that the straight lines EC, 
ED are each of them equal to EA, or EB : Therefore 
the four straight lines EA, EB, EC, ED are equal to 
one another, and the circle described from the centre E, 
at the distance of any one of them, shall pass through 
the extremities of tlie other three, and be described 
about the given square ABCD. q.e.f. 
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PROP. X. Prob. 

To describe an isosceles triangle^ having each of the angles 
at the base double of the third angle. 

Take any straight line AB, and divide it in the point 
C, so that the rectangle AB, BC may be equal to the 
square of AC (2. 11) ; from, the centre A, at the distance 
AB, describe the circle BDE, in which place the straight 
line BD equal to AC (4. 1), which is not greater than 
the diameter of the circle BDE, and join DA : the tri- 
angle ABD is such as is required, that is, each of the 
angles ABD, ADB is double of the third angle BAD. 

Join CD, and about the triangle ACD describe a 
circle : Then, because the rectangle AB, BC is equal 
to the square of AC, and that AC is 
equal to BD, therefore the rectangle 
AB, BC is equal to the square of BD : 
And because from the point B, without 
the circle ACD, two straight lines BCA, 
BD are drawn to the circumference, one 
of which cuts, and the other meets the * 

circle, and that the rectangle AB, BC, contained by the 
whole of the cutting line, and the part of it without the 
circle, is equal to the square of BD which meets it, there- 
fore BD touches the circle ACD (3. 37) : And because 
BD touches the circle ACD, and that DC is drawn from 
the point of contact D cutting the circle, the angle BDC 
is equal to the angle CAD in the alternate segment 
of the circle (3. 32) : To each of these add the angle 
CDA ; Hierefore the whole angle BDA is equal to the 
two angles CAD, CDA : But' the exterior angle BCD 
is equal to the angles CAD, CDA ; therefore also the 
angle BDA is equal to the angle BCD : But the angle 
BDA is equal to the angle DBA, because AD is equal 
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to AB ; therefore each of the angles BDA, DBA, is 
equal to the angle BCD : Now, because the angle 
DBA, or DBC, is equal to the angle BCD, the side 
DB is equal to the side DC: But DB was made 
equal to CA, therefore also CA is equal to CD, 
and the angle CAD to the angle CDA ; and there- 
fore the angles CAD, CDA . are together double of 
the angle CAD : But the angle BCD is equal to the 
angles CAD, CDA; therefore also the angle BCD is 
double of the angle CAD : And the angle BCD is 
equal to each of the angles BDA, DBA; therefore 
each of the angles BDA, DBA is double of the angle 
BAD : Wherefore an isosceles triangle ABD has been 
described, haying each of the angles at the base double 
of the third angle, q. e. f. 

PROP. XI. Peob. 

To inscribe an equilatercU and equiangular pentagon in 

a given circle. 

Let ABCDE be the given circle: it is required to 
inscribe an equilateral and equiangular pentagon in the 
circle ABCDE. 

Describe an isosceles triangle FGH, having each of 
the angles at G, H, double of the ^^ 

angle at F (4. 10) ; and in the circle 
ABCDE, inscribe the triangle ACD, 
eqmangular to the triangle FGH 
(4. 2), so that the angle CAD may 
be equal to the angle at F, and each of the angles ACD, 
ADC equal to the angle at G or H, and therefore each 
double of the angle CAD ; bisect the angles ACD, ADC 
by the straight lines CE, DB, and join AB, BC, AE, 
ED : ABCDE is the pentagon required. 
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For, because each of the angles ACD, ADC is double 
of CAD, and that they are bisected by the straight lines 
CE, DB, therefore the five angles ADB, BDC, CAD, 
DCE, EC A, are equal to one another : But equal angles 
stand upon equal circumferences (3. 26) ; therefore the 
five circumferences, AB, BC, CD, DE, EA, are equal 
to one another: And equal circumferences are sub- 
tended by equal straight lines (3. 29) ; therefore the 
five straight lines AB, BC, CD, DE, EA are equal 
to one another; and therefore the pentagon ABCDE 
is equilateral: It is also equiangular: For, because 
the circimiference AB is equal to the circumference 
DE, add to each the circumference BCD ; therefore the 
whole circumference ABCD is equal to the whole cir- 
cimiference BCDE: And the angle AED stands on 
the circimiference ABCD, and the angle BAE on the 
circimiference BCDE ; therefore the angle AED is equal 
to the angle BAE (3. 27) : For the like reason, each 
of the angles ABC, BCD, CDE is equal to the angle 
AED or BAE; therefore the pentagon ABCDE is 
equiangular ; and it has been shewn to be equilateral : 
"Wherefore, in the given circle, an equilateral and equi- 
angular pentagon has been inscribed, q. e. f. 

PROP. Xn. Pbob. 

To describe an equilatercU and equiangular pentagon about 

a given circle. 

Let ABCDE be the given circle : it is required to 
describe an equilateral and equiangular pentagon about 
the circle ABCDE. 

Let the angles of a pentagon, inscribed in the circle 
by the last proposition, be in the points A, B, C, D, E, 
so that the circ\miferences AB, BC, CD, DE, EA are 
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equal ; and through the points A, B, C, D, E, draw 
GH, HK, KL, LM, MG, touching the circle ; take the 
centre F, and join FB, EK, EC, EL, ED. 

Then, because the straight line EX touches the circle 
ABODE in the point C, to which EC is drawn from 
the centre, EC is perpendicular to KL (d. 18), and 
therefore each of the angles at C is a right angle : Eor 
the like reason, the angles at the points B, D are right 
angles : And because ECK is a right angle, the square 
of FK is equal to the squares of EC, CK, and, for the 
like reason, the square of EK is equal to the squares of 
FB, BK ; therefore the squares of EC, CK are equal to 
the squares of EB, BK, of which the square of EC 
is equal to the square of EB, and therefore the remain- 
ing square of CK is equal to the remaining square of 
BK, and the straight line CK to the straight line BK : 
And because EB is equal to EC, and EK common 
to the triangles BEK, CEK, the two BE, EK are equal 
to the two CE, EK, each to each, and the base BK 
is equal to the base CK — ^therefore the angle BEK 
is equal to the angle CEK, and the angle BKE to the 
angle CKE, and therefore the angle BEC is double 
of the angle CEK, and the angle BKC of the angle 
CKE : Eor the like reason, the angle CED is double of 
the angle CEL, and the angle CLD of the angle CLE : 
But, because the circimiference BC is equal to the 
circumference CD, the angle BEC is 
equal to the angle CED ; and BEC is 
double of CEK, and CED of CEL; 
therefore also the angle CEK is equal 
to the angle CEL: And the right 
angle ECK is equal to the right angle 
ECL : Therefore, in the two triangles ECK, FCL, 
there are two angles of one equal to two angles of the 
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other, each to each; and the side FC, which is ad- 
jacent to the equal angles in each, is common to 
both — ^therefore the other sides are equal (1. 26), each 
to each, and the third angle of the one to the third 
angle of the other ; that is, CK is equal to CL, and 
the angle FKC to the angle FLC : And because CK 
is equal to CL, KL is double of CK : And in like 
manner it may be shewn that HK is double of BK : 
And because BK is equal to CK, as was demon- 
strated, and that HK is double of BK, and KL of 
CK, therefore also HK is equal to KL : And, in like 
manner, it may be shewn that OH, GM, ML are each 
of them equal to HK, or KL ; therefore the pentagon 
OHKLM is equilateral : It is also equiangular : For, 
because, as has been shewn, the angle FKC is equal to 
the angle FLC, and the angle HKL is double of the 
angle FKC, and the angle KLM of the angle FLC, 
therefore the angle HKL is equal to the angle KLM : 
And, in like manner, it may be shewn that each of the 
angles KHG, HGM, GML is equal to the angle HKL 
or KLM; therefore the pentagon GHKLM is equi- 
angular: and it has been shewn to be equilateral: 
Wherefore about the given circle has been described 
an equilateral and equiangular pentagon, q. e. f. 

PROP. XTTL Pbob. 

To inacr^e a circle in a given equilateral and equiangtUar 

pentagon. 

Let ABODE be the given equilateral and eqidangular 
pentagon : it is required to inscribe a circle in the pen- 
tagon ABODE. 

Bisect the angles BCD, ODE by the straight lines 
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CF, DF, and from the point F, in which they meet, 
draw the straight lines FB, FA» FE. 

Then, because BC is equal to CD, and OF common 
to the triangles BCF, DCF, the two sides BC, CF are 
equal to the two DC, CF, each to each, and the angle 
BCF is equal to the angle DCF— therefore the base 
BF is equal to the base FD, and the 
other angles to the other angles, each 
to each, to which the equal sides are 
opposite; therefore the angle CBF 
is equal to the angle CDF : And 
because the angle CDE is double of 
the angle CDF, and that the angle 
CDE is equal to CBA, and the angle CDF to CBF, 
therefore the angle CBA is double of the angle CBF, 
that is, the angle ABC is bisected by the straight line 
BF: And in like manner it may be demonstrated, 
that the angles BAE, A ED are bisected by the straight 
lines AF, EF. 

From the point F, draw FG, FH, FK, FL, FM per- 
pendiculars on AB, BC, CD, DE, EA : Then, because 
the angle FCH is equal to the angle FCK, and the right 
angle FHC to the right angle FKC, therefore in the 
two triangles FHC, FKC there are two angles of one 
equal to two angles of the other, each to each, and 
the side FC, which is opposite to one of the equal 
angles in each, is common to both — ^therefore the other 
sides are equal, each to each, and therefore FH is equal 
to FK : And in like manner it may be demonstrated, 
that FL, FM, FG are each of them equal to FH, 
or FK ; Therefore the five straight lines FG, FH, FK, 
FL, FM are equal to one anotilier, and the circle de- 
scribed from the centre ^, at the distance of any one of 
them, will pass through the extremities of the other 
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foiiT) and touch the straight lines AB, BC, CD, DE, 
EA, because the angles at the points G, H, K, L, M 
are right angles (3. 16) : Wherefore a circle has been 
inscribed in the given equilateral and equiangular 
pentagon, q. e. f. 

PROP. XIV. Pbob. 

To describe a circle about a given equikUertU and eqtd- 

angtUar pentagon. 

Let ABODE be the given equilateral and equiangular 
pentagon : it is required to describe a circle about it. 

Bisect the angles BCD, ODE by the straight lines 
CF, DF, meeting in F, and join FB, 
FA, FE : Then it may be shewn, as 
in the preceding proposition, that the 
angles CBA, BAE, AED axe bisected 
by the straight lines BF, AF, EF: 
And, because the angle BCD is equal 
to the angle CDE, and that FCD is the half of BCD, 
and CDF of CDE, therefore the angle FCD is equal to 
the angle FDC, and the side FC to the side FD : And 
in Hke manner it may be demonstrated that FB, FA, 
FE are each of them equal to FC or FD : Therefore 
the five straight lines FA, FB, FC, FD, FE are equal 
to one another, and the circle described from the centre 
F, at the distance of any one of them, will pass through 
the extremities of the oilier four, and be described about 
the equilateral and equiangidar pentagon ABCDE. 

Q.E.F. 

PROP. XV. Prob. 

To inscribe an equilateral and equiangular hexagon m a 

given circle. 
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Let ABCDEF be the given circle : it is required to 
inscribe an equilateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw 
the diameter AGD ; and from the centre D, at the dis- 
tance DG, describe the circle EGCH ; join EG, CG, 
produce them to the points B, F, and join AB, BC, CD, 
DE, EF, FA : the hexagon ABCDEF is equilateral 
and eqmangular. 

For, because G is the centre of the circle ABCDEF, 
GE is equal to GD, and because D is the centre of the 
circle EGCH, DE is equal to DG ; therefore GE is 
equal to DE, and the triangle EGD is 
equilateral, and therefore also equiangular 
(1. 5. Cor,) : But the three angles of a 
triangle are together equal to two right 
angles ; therefore the angle EGD is the 
third part of two right angles : And, in 
like manner, it may be shewn that the 
angle DGC is also the third part of two right angles : 
And because the straight line GC makes with EB the 
adjacent angles EGC, CGB together equal to two right 
angles, therefore the remaining angle CGB is also the 
third part of two right angles, and therefore the angles 
EGD, DGC, CGB are equal to one another : And to 
these are equal the vertical opposite angles BGA, AGF, 
FGE; therefore the six angles EGD, DGC. CGB, 
BGA, AGF, FGE are equal to one another : But equal 
angles stand upon equal circumferences ; therefore the 
six circumferences AB, BC, CD, DE, EF, FA are equal 
to one another: And equal circumferences are sub- 
tended by equal straight lines ; therefore the six straight 
lines are equal to one another, and the hexagon ABCDEF 
is equilateral : It is also equiangular : For, because 
the circumference AF is equal to the circumference 
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ED, to each of these add the circumference ABCD ; 
therefore the whole circumference FABCD is equal to 
the whole circimiference ABCDE ; And the angle 
FED stands upon the circumference FABCD, and tike 
angle AFE upon the circumference ABCDE ; therefore 
the angle FED is equal to the angle AFE : And, in 
like manner, it may be demonstrated that the other 
angles of the hexagon ABCDEF are each of them equal 
to the angle AFE or FED ; therefore the hexagon is 
equiangular; and it has been shewn to be equilateral: 
Wherefore, in the given circle, has been iuscribed an 
equilateral and equiangular hexagon, q.e.f. 

Cor. From this it is manifest, that the side of the 
hexagon is equal to the straight line from the centre, 
that is, to the radius of the circle. 

Also, if through the points A, B, C, D, E, F, there 
be drawn straight lines touching the circle, an eqid- 
lateral and equiangular hexagon will be described about 
it, as may be demonstrated from what has been said of 
the pentagon : and likewise a circle may be inscribed 
in a given equilateral and equiangular hexagon, and 
circumscribed about it, by a method like to that used 
for the pentagon. 

PROP. XVI. Prob. 

To inscribe an equilateral and equiangular quindecagon in 

a given circle. 

Let ABCD be the given circle : it is required to in- 
scribe an equilateral and equiangular 
quindecagon in the circle ABCD. 

Let AC be the side of an equilateral 
triangle inscribed in the circle (4. 2), 
and AB the side of an equilateral and 
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equiangular pentagon inscribed in the same (4. 11) : 
Then, of such equal parts as the whole circumference 
ABCDF contains fifteen, the circumference ABC, being 
the third part of the whole, contains five, and the cir- 
cumference AB, being the fifth part of the whole, con- 
tains three ; therefore the circumference BC contains 
two of the same parts : Bisect BC in E (3. 30) ; then 
BE, EC are each of them the fifteenth part of the whole 
circumference : Therefore, if the straight lines BE, EC 
be dra-vm, and straight lines equal to them be placed 
round in the whole circle (4. 1), an equilateral and 
equiangular qidndecagon will be inscribed in it. a. £. f. 
And, in the same manner as was done in the pentagon, 
if through the points of division^ made by inscribing 
the quindecagon, straight lines be drawn touching the 
circle, an equilateral and equiangular quindecagon will 
be described about it : and likewise, as in the pentagon, 
a circle may be inscribed in a given equilateral and 
equiangular quindecagon, and circumscribed about it. 
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1 . In a given circle place a line of given length, which 
shall pass through a given point. 

2. Draw that diameter of a circle which shall pass at 
a given distance from a given point. 

3. The square of the side of an equilateral triangle 
inscribed in a circle is triple the square of the side of 
the regular hexagon inscribed in the same circle. 

4. An equilateral triangle is inscribed in a circle, and 
through the angular points tangents are drawn : shew 
that me^ will form an equilateral triangle, whose area 
is four tunes the former. 

5. Shew that a circle may be described through the 
centres of four circles, each of which touches one side 
and the two adjacent sides produced of any quadri- 
lateral. 

6. If two circles be described, one without, the other 
within, a right-angled triangle, the sum of their diame- 
ters is equal to the sum of the sides containing the right 
angle. 

7. The perpendicular from the vertex on the base of 
an equilateral triangle is equal to the side of an equi- 
lateral triangle inscribed in a circle whose diameter is 
the base. 

8. Inscribe a square and a circle in a given quadrant. 

9. Shew how to find the centres of the escribed 
circles of a triangle ; and prove that the line joining 
any two of these centres is perpendicular to the line 
joining the centre of the inscribed circle with the 
ang\ilar point between them. 
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10. The line bisecting any angle of a triangle in- 
scribed in a circle cuts the circimiference in a point, 
which is equidistant from the extremities of i£he side 
opposite to the bisected angle and from the centre ot 
the inscribed circle. 

1 1 . ABCD is a rectangle : if in the triangle ABC 
a circle be inscribed, touching AB, BC in E, F, and 
EGH, FGK be drawn parallel to AD, CD, then the 
rectangle KH is equal to the gnomon AEH. 

12. The locus of the centres of the circles inscribed 
in all right-angled triangles on the same hypothenuse 
is the quadrant describea on the hypothenuse. 

'13. In any triangle ABC, if AD, bisecting the angle 
A, cut BC in D, and from O, the centre of the inscribed 
circle, OE be drawn perpendicular to BC, shew that 
the angles BOE, COD are equal. 

14. Inscribe a square in a given right-angled isosceles 
triangle. 

15. Through two given points describe a circle 
touching a given circle : and shew that, of all lines that 
can be drawn from the two points to meet the convex 
circumference, those drawn to the points of contact 
thus obtained will contain the greatest possible angle. 

16. The area of an inscribed regular hexagon is f 
that of the one circumscribed about the same circle. 

17. Upon a given line as diagonal describe a rhont- 
bus, so that two of its angles shall be double of the 
other two. Hence shew how a right angle may be tri- 
sected. 

18. Given the vertical angle, the line drawn to the 
base bisecting that angle, and me difTerence between the 
base and the sum of &e sides : construct the triangle. 

19. Draw from the obtuse angle A of a given triangle 
to the base a line whose square shall be equal to ttie 
rectangle of the segments of the base. 

20. The centres of the inscribed and circumscribed 
circles of an equilateral triangle coincide, and tlie diame- 
ter of one is double that of the other. 
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21. The line joining the centres of the inscribed and 
circumscribed circles of a triangle subtends at any one 
of the angular points an angle equal to the semidifferenoe 
of the other two angles. 

22. Given the angles of a triangle and the radius of 
the inscribed circle : construct the triangle. 

23. Given the vertical angle of a triangle, and the 
radii of the inscribed and circumscribed circles: ccm- 
struct the triangle. 

24. Within a given circle place eight circles, touch- 
ing each other and the given circle. 

25. The lines joining the alternate angles, or the 
intersections of the alternate sides of a regular pentagon, 
will form another regular pentagon. 

26. Upon a given straight line describe a regular 
octagon. 

27. Inscribe in a given circle a rectangle equal to 
a given rectilineal figure. 

28. The area of a regular octagon inscribed in a circle 
is equal to the area of the rectangle of the sides of the 
inscribed and circumscribed squares. 

29. Inscribe a square in the space included between 
two equal circles which cut each other. 

30. Inscribe a circle in a given rhombus. 

31. ABCD is a quadrilateral inscribed in a circle : 
produce AD, BC to meet in E ; from anv point F in 
DE draw FH parallel to BE meeting CI) in H, and 
join FB cutting the circle in G : then shew that GH 
will cut the circle again in a fixed point K. , 

32. Inscribe an equilateral triangle in a given square, 
when the vertex is (i) in the middle of a side, (ii) in 
one angle. 

33. Inscribe the least possible square in a given 
square. 

34. Describe a circle which shall pass through one 
angle and touch two sides of a given square. 
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35. In the figure (4. 10), shew that AC is the side 
of a regular deccigon inscribed in the larger circle, and 
of a regular pentagon inscribed in the smaller. 

36. In the figure (4. 10) produce DC to meet the 
circle in F : then the angle ABF shall be triple of the 
angle BFD. 

37. K ABCDE be a regular _pentagon, shew that the 
angles ABE, BCA, CDB, DEC, EAD, are together 
equal to two right angles. 

38. Given a regular pentagon : describe a triangle of 
the same area and altitude. 

39. If two diagonals of a regular pentagon be drawn 
cutting one another, the larger segments will be each 
equal to a side of the pentagon. 

40. Divide a right angle into five equal parts. 

41. The opposite sides of a regular hexagon are 
parallel : and if any two sides of an inscribed hexagon 
are parallel to two other sides, the remaining two will 
also be parallel. 

42. Inscribe a regular hexagon in a given equilateral 
triangle, and compare its area with that of the triangle. 

43. Inscribe a regular dodecagon in a given circle, 
and shew that its area equals tnat of a square on the 
side of an equilateral triangle inscribed in the same 
circle. 

44. Let AB, CD, two alternate sides of a regular poly- 
gon, be produced to meet in E : shew that the ngure 
AECO can be inscribed in a circle, O being the centre 
of the polygon. 

45. Given a regular polygon inscribed in a circle : 
shew how to describe another, with double the number 
of sides, in or about the same circle. 

46. If i2, r be the radii of circles described about 
and in a regular polygon, and R\ r the corresponding 
radii for a regular polygon of same perimeter and twice 
the nimiber of sides, shew that r' = ^(R -\- r), and 
R"^ = Rr', 
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47. If from any point within a regular polygon of 
n sides perpendiculars be dropped on the sides, their 
sum. will be n times the radius of the inscribed circle. 
How may this statement be made to include the case 
when the point is without the polygon ? 

48. If from the angles of an equilateral triangle, 
parallel lines, or ordiruUes, be drawn to any given line 
without it, their simi, and also the sum of the ahscisstB^ 
or segments of the line cut off by them, measured from 
a fixed point in it without them all, will be respectively 
three times the ordinate and abscissa of the centre of 
the inscribed circle. Shew th^t this is true of any 
regular polygon ; and explain how the statement may 
be made to include the case of the line cutting the 
figure, and of the fixed point being any whatever in it. 

49. If from the angles of an equilateral triangle 
ordinates be drawn to the diameter of the circum- 
scribing circle, the single ordinate which falls on one 
side of the diameter will equal the simi of the two 
which fall on the other side ; and so also the single 
segment of the diameter on one side of the centre "mil 
equal the simi of the two upon the other side. 

60. If from any point P lines be drawn to the 
angles of an equilateral triangle ABC, shew that 
PA2 + PB2 + PC2 is constant: and hence if ABCP, 
A'B'CT' be concentric circles, and ABC, A'B'C equi- 
lateral triangles inscribed in them, shew that 

AP'2 + BF2 + CP'«=AT2 + BT2 + CT«. 
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DEFINITIONS. 

I. A LESS magnitude is said to be a part of a greater 
magnitude, when the less measures the greater, tiiat is, 
when the less is contained a certain number of times 
exactly in the greater. 

II. A greater magnitude is said to be a muUiple of 
a less, when the greater is measured by the less, that is, 
when the greater contains the less a certain number of 
times exactly. 

III. Katio is a mutual relation of two magnitudes of 
the same kind to one another in respect of quantity. 

iv. Magnitudes are said to have a ratio to one 
another, when the less can be multiplied so as to exceed 
the other. 

y. The first of four magnitudes is s€u[d to have the 
same ratio to the second, which the third has to the 
fourth, when, any equimultiples whatever of the first 
and third being taken, and any whatever of the second 
and fourth, if the multiple of the first be equal that 
of the second, the multiple of the third is also equal 
to that of the fourth, or, if greater, greater, or if less, 
less. 

VI. Magnitudes which have the same ratio to one 
another are called proportionals. 

When four magnitude s are proportionals, it is usually expressed 
by saying, the first is to the second as the third is to the fourth. 
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VII. When of the equimultiples of four magnitudes 
(taken as in the fifth definition), the multiple of the 
first is greater than that of the second, but the multiple 
of the third is not greater than the multiple of the 
fourth; then the first is said to have to the second 
a greater ratio than the third has to the fourth, and 
the third is said to have to the fourth a less ratio than 
the first has to the second. 

VIII. Analogy, or proportion, is the similitude of ratios. 

IX. Proportion consists in three terms at least. 

X. When three magnitudes are proportionals, the 
first is said to have to the third the duplicate ratio of 
that which it has to the second. 

XI. When four magnitudes are continued propor- 
tionals, the first is said to have to the fourth the tripli- 
cate ratio of that which it has to the second, and so on, 
quadruplicate, &c., increasing the denomination still by 
imity, in any number of proportionals. 

A. When there are any number of magnitudes of the 
same kind, the first is said to have to the last of them 
the ratio compoimded of the ratio which the first has to 
the second, and of the ratio which the second has to the 
third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 

For example, if A, B, C, D be four magbitudes of the same kind, 
the first A is said to have to the last D the ratio compounded of the 
ratios of A to B, and B to C, and C to D. 

And if A has to B the same ratio which £ has to F, and B to C the 
same ratio that 6 has to H, and C to D the same that K iias to L, 
then, by this definition, A is said to hajre to D the ratio compounded 
of ratios which are the same with the ratios of £ to F, G to H, and 
K to L : and the same thing is to be understood when it is more 
briefly expressed by saying, A has to D the ratio compounded of the 
ratios of £ to F, 6 to H, and K to L. 
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In like manner, the game things being supposed, if M has to N the 
same ratio which A has to D ; then, for shortness' sake, M is said to 
have to N the ratio compounded of the ratios of E to F, G to H, and 
KtoL. 

xn. In proportionals, the antecedent terms are said 
to be homologous to one anothet, and so also are the 
consequents. 

Geometers make use of the following technical words, 
to signify certain ways of changing either the order or 
magnitude of proportionals, so that they continue stUl 
to be proportionals : 

XIII. Permtttando, or altematido, by permutation or 
alternately; when there are four proportionals, and it 
is inferred, that the first is to the third as the second to 
the fourth ; as is shewn in (3. 16) : 

XIV. Invertendo, by inversion; when there are four 
proportionals, and it is inferred, that the second is to 
the first as the fourth to the third (3. B) : 

XV. ConiponendOf by composition ; when there are 
four proportionals, and it is inferred that the first, 
together with the second, is to the second, as the third, 
together with the fourth, is to the fourth (3. 18) : 

XVI. Dividendo, by division; when there are four 
proportionals, and it is inferred, that the excess of the 
first above the second is to the second, as the excess 
of the third above the fourth is to the fourth (3. 17) : 

XVII. Convertendoy by conversion ; when there are 
four proportionals, and it is inferred, that the first is to 
its excess above the second, as the third to its excess 
above the fourth (3. E) : 

XVIII. Ex ceqiuUi (sc. distantia), or ex <BquOy from 
equality of distance ; when there is any number of 
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magnitudes more than two, and as many others, such 
that they are proportionals when taken two and two of 
each rank, and it is inferred, that the first is to the last 
of the first rank of magnitudes, as the first is to the last 
of the otiiers. 

Of this there are the two following kinds, which arise 
from the different order in which the magnitudes are 
taken, two and two : 

XIX. Ex iBqualif or ex nequali in proportione ordinatd, 
from equality in ordinate proportion; when the first 
magnitude is to the second of the first rank, as the first 
to the second of the other rank ; and the second to the 
third of the first rank, as the second to the third of the 
other ; and so on in order ; and the inference is made 
as mentioned in the preceding definition (3. 22) : 

XX. Ex (Bquali in proportione perturbatd aeu inordinatd, 
from equality in perturbate or disorderly proportion ; 
when the first magnitude is to the second of the first 
rank, as the last but one is to the last of the second 
rank ; and the second is to the third of the first rank, 
as the last but two to the last but one of the second 
rank ; and the third to the fourth of the first rank, as 
the last but three to the last but two of the second 
rank ; and so on in a cross order ; and the inference is 
made as before (3. 23). 

AXIOMS. 

I. Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 

II. Those magnitudes, of which the same or equal 
magnitudes are equimultiples, are equal to one another. 

III. A multiple of a greater magnitude is greater than 
the same multiple of a less. 
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IT. That magnitude, of which a multiple is greater 
than the same multiple of another, is greater than that 
other magnitude. 



Y 



PROP. I. Thbob. 

If any numher of magnitudes be equimuUiples of as many^ 
eaxh of eachy whatever mtdtiple any one of them is of its 
party the same multiple shaU all the first magnititdes be 
ofaUthe other. 

Let any number of magnitudes AB, CD be equimul- 
tiples of as many others £, F, each of each : whatever 
multiple AB is of £ the same multiple shall AB |A. 
and CD together be of E and F together. 

For, because AB is the same multiple of £ 
that CD is of F, there are as many magnitudes 
in AB equal to E as there are in CD equal to F : 
Divide AB into magnitudes AG, GB, each equal 
to E, and CD mto CH, HD, each equal to F 
Then the number of the magnitudes AG, GB, 
wiU be the same as the number of the magnitudes 
CH, HD : And because AG is equal to E, and CH 
to F, therefore AG and CH together are equal to E and 
F together; and because GB is equal to E, and HD 
to F, therefore GB and HD together are equal to E and 
F together ; and so on if there be any more magnitudes : 
Therefore, as many magnitudes as there are in AB 
equal to £, so many are there in AB and CD together, 
equal to E and F together, that is, whatever multiple 
AB is of E, the same multiple are AB and CD together 
of E and F together. 

Wherefore, If any number of magnitudes ^c. a.E.D. 
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PROP. II. Theok. 

If the first magnitude he the same multiple of the second 
that the third is of the fourth, and the fifth the same 
multiple of the second that the sixth is of thefourthy then 
shall the first together with the fifth be the same mult^}le 
of the second, that the third together with the sixth is of 
the fourth. 

Let AB the first be the same multiple of C the second, 
that DE the third is of F the fourth, and jn 

let BG the fifth the same multiple of C 
the second, that EH the sixth is of F the 
fourth: then shall AG, the first together 
with the fifth, be the same multiple of C 
the second, that DH, the third together B' 
with the sixth, is of F the fourth. 

For because AB is the same multiple of 
G that DE is of F, there are as many magnitudes in AB 
equal to C, as there are in DE equal to F ; and, in like 
manner, there are as many magnitudes in BG equal to 
C, as there are in EH equal to F : Therefore, there are 
as many magnitudes in the whole AG equal to C, as 
there are in the whole DH equal to F, that is, AG, the 
first and fifth together, is the same multiple of C, the 
second, that DH, the third and sixth together, is of F, 
the fourth. 

Wherefore, If the first be the same mtdtiple Sfc. q.e.d. 

Gob. In like manner it is plain, that, if any number 
of magnitudes be multiples of another, G, and as many 
magnitudes be the same multiples of another, F, each 
of each, then the whole of the first magnitudes is the 
same multiple of G, that the whole of the last magni- 
tudes is of F. 
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PROP. m. Theob. 

If the first be the same mtdtiple of the second tohich the 
third is of the fourth, and if of the first and third there 
be taken equimukiples, these shall be equimultiples, the 
one of the second, and the other of the fourth. 

Let A the first be the same multiple of B the second, 
that C the third is of D the fourth, and of A and C let the 
eqiumultiples EF and GH be taken : then EF shall be 
the same multiple of B that GH is of D. 

For because £F is the same multiple of A that GH 
is of C, there are as many magnitudes 
in EF equal to A, as there are in GH _ 

equal to C : Divide EF into magni- 
tudes EK, KF, each equal to A, and k.- 
GH into GL, LH, each equal to C : 
Then the number of the magnitudes i 

EK, KF, will be the same as the num- *e a B o o i> 
ber of the magnitudes GL, LH : And 
because A is the same multiple of B that C is of D, and 
that EK is equal to A, and GL to C, therefore EK is 
the same multiple of B that GL is of D : For the like 
reason, KF is the same multiple of B that LH is of D : 
Therefore because EK, the first, is the same multiple of 
B, the second, which GL, the third, is of D, the fourth, 
and FK, the fiftli, is the same multiple of B, the second, 
which LH, the sixth, is of D, the fourth, therefore EF, 
the first together with the fiftli, is the same multiple 
of B, the second, which GH, the third together with 
the sixth, is of D, the fourth (3. 2) : And, in like man- 
ner, if there be more parts in EF and GH equal to A 
and C, it may be shewn by the help of (3. 2. Cor,) that 
EF is the same multiple of B which GH Is of B. 

Wherefore, If the first S^c, q. e. d. 
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PROP. rV. Theor. 

If the jvrst of four moffnitudes has the same ratio to the 
second which the c ' ird has to the fourth^ and if of the 
first and third there he taken any equimultiples tDhatever^ 
and also any wJuUever of the second and fourth, then the 
multiple of the first shall have the same ratio to that of 
the second which the multiple of the third has to that of 
the fourth. 

Let A, the first, have to B, the second, the same ratio 
which C, the third, has to D, the fourth, and of A and 
C let there be taken any equimultiples 
whatever E and F, and of B and D, any 
equimultiples whatever O andH: then 
£ shall have the same ratio to G which i • 

F has to H. ' I ' 4 m: 

Take of E and F any equimultiples ^ F o u H x 
whatever K and L, and of G and H, | I 

any equimultiples whatever M and N : 
Then, because E is the same multiple 
of A that F is of C, and of E and F 
have been taken equimultiples K and L, therefore K is 
the same multiple of A that L is of C (3. 3) : For the 
like reason, M is the same multiple of B that N is of D : 
And because that AistoBasCistoD, and of A and 
C have been taken certain equimultiples K and L, and 
of B and D certain equimultiples M and N, therefore 
(3. Def 5) if K be greater than M, L is greater than N, 
and if equal, equal, and if less, less : But K and L are 
any equimultiples whatever of E and F, and M and N 
are any equimultiples whatever of G and H ; therefore 
(3. Def 5)EistoGasFtoH. 
Wherefore, If the first S^c, q. e. d. 
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Cob. So also, if the first has the same ratio to the 
second which the third has to the fourth, then any 
eqidmultiples whatever of the first and third shall have 
the same ratio to the second and fourth, and, in Hke 
manner, the first and the third shall have the same 
ratio to any equimultiples whatever of the second and 
fourth. 

Let A the first have to B the second, the same ratio 
which C, the third, has to D, the fourth, and of A and 

C, let there be taken any equimultiples whatever, £ and 
F : then E shall be to B as F is to D. 

Take of E, F, any equimultiples whatever K, L, and 
of B, D, any equimultiples whatever G, H : Then it 
may be shewn, as before, that K is the same multiple 
of A that L is of C : And because AistoB asCisto 

D, and of A and C have been taken certain equimulti- 
ples K and L, and of B and D, certain equimultiples 
G and H, therefore, if K be greater than G, L is greater 
than H, and if equal, equal, and if less, less : But 
K and L are any equimultiples whatever of E and F, 
and G and H are any equimultiples whatever of B and 
D ; therefore EistoBasFistoD. And in the same 
way the other case may be demonstrated. 

PROP. V. Theob. 

If one magnitude be the same mtUtiple of another, which a 
magnitude taken from the f/rst is of a magnittide taken 
from the other, the remainder shall be the same multiple 
of the remainder that the whole is of the whole. 

Let AB be the same multiple of CD, that AE, taken 
from the first, is of CF, taken from the other: the 
remainder EB shall be the same multiple of the remainder 
FD that the whole AB is of the whole CD. 
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Take AG the same multiple of FD that AE is of CF ; 
therefore A£ is the same multiple of CF that c 
EG is of CD (3. 1) : But AE is the same 
multiple of CF that AB is of CD {Hyp,) ; 
therefore EG is the same multiple of CD that ^ 
AB is of CD, aad therefore EG is equal to AB 
(3. Ax, 1) : From each of these take AE, °' 
which is common to both ; then the remainder AG is 
equal to the remainder EB : Therefore, because AE is 
the same multiple of CF that AG is of FD, and that 
AG is equal to EB, therefore AE is the same multiple 
of CF that EB is of FD : But AE is the same multiple 
of CF that AB is of CD ; therefore EB is the same 
multiple of FD that AB is of CD. 

Wherefore, If one magnitnde S^c, q. e, d. 

PROP. VI. Theob. 
If two magnUudea he equimttltiplea of ttoo otherSf and if 
equimuUiplea of these be taken from the first ttoo, the 
remainders shall be either equal to these others, or equi' 
multiples of them. 

Let the two magnitudes, AB, CD, be equimultiples 
of the two, E, F, and let AG, CH taken from the first 
two be equimultiples of the same E, F ; the remainders 
GB, HD shall be either equal to E, F, or equimultiples 
of them. 

First, let GB be equal to E ; HD shall be equal to F. 

Make CK equal to F : Then, because ^ 

AG is the same multiple of E that CH is ^ 
of F, and that GB is equal to E and CK 
to F, therefore AB is the same multiple 
of E that KH is of F : But AB is the 
same multiple of E that CD is of F {Hyp») ; 
therefore KH is the same multiple of F that CD is of 
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F, and therefore KH is equal to CD (3. Ax, 1) : Take 
away the common magnitude CH from both ; then the 
remainder KC is equal to the remainder £Q) : But 
£C is equal to F ; therefore HD is equal to F. 

Next, let GB be a multiple of £ : HD shall be the 
same multiple of F. 

Make CK the same multiple of F that GB is of E : 
Then, because AG is the same multiple of k. 
£ that CH is of F, and GB the same mul- 
tiple of E that CK is of F, therefore AB is 
the same multiple of E that KH is of F &^ 
(3. 2) : But AB is the same multiple of £ 
Uiat CD is of F ; therefore KH is the same 
multiple of F that CD is of F, and therefore 
KH is equal to CD : Take away the common magni- 
tude CH from both; therefore the remainder CK is 
equal to the remainder HD : And because CK is the 
same multiple of F that GB is of £, and that CK is 
equal to HD, therefore HD is the same multiple of F 
that GB is of E. 

Wherefore, If two magnitvdei ^. a.E.D. 

PROP. A. Theob. 

If the first of four magnitudes have to the second the same 
ratio which the third has to thefourthy then^ if the first he 
greater than the second^ the third is also greater than the 
fourth^ and if equal, equal, and if less, less. 

Take any equimultiples of each of them, as the doubles 
of each : Then (3. Def 5), if the double of the first be 
greater than the double of the second, the double of the 
third is greater than the double of the fourth : But if 
the first be greater than the second, the double of the 
first is greater than the double of the second ; therefore 
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also the double at the third is greater than the double 
of the iauxih, and there&ie the third is greater than the 
finotfa : And, in like manner, if the first be equal to 
the second, or less than it, the third may be proved to 
be equal to the Iburth, or less than it. 

PROP. B. Thsor. 

If/otar moffnihidet are praportumab, they are proporUomdU 

al$o when taken uwerwelig. 

IfAbetoB asCistoD, then also, inTersely, 
B shall be to A as D to C. 

Take of B, D, any equimultqkles whatever, E, F, and 
of A, C, any equim.ultq>le8 idiatever G, H : Then, 
first, if £ be greater than G, 6 is less than 
£ : And beouise AistoB asCistoD, 
and of A and C, the first and third, G and 
H are equimultqkles, and of B and D, the :k c b v 
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second and fbmth, £ and F are egnimnlti- I 1 | I 
pies, and that G is less than E, therefiore * 

also H is less than F, that is, F is greater than H : If 
therefore £ be greater than G, F is greater than H ; 
and, in like manner, if E be equal to G, F may be 
shewn to be equal to H, and if less, less : But £ and 
F are any equimultiples whatever of B and D, and G 
and H any whatever of A and C ; therefore, B is to A 
as D to C. 
Vfhexeiase^IffiurnuignUudeMSsc. q.b.d. 

PROP. C. Thbob. 
If the jvrst he the same multiple of the second^ or the same 
part of it, that the third ie ofthefourth, the first is to the 
second as the third is to the fourth. 
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First, let A be the same multiple of B that C is of D : 
A shall be to B as C is to D. 

Take of A, C, any equimultiples whatever E, F, and 
of B, D, any equimultiples whatever G, H : Then, 
because A is the same multiple of B that C 
is of D, and that £ is the same multiple of A 
that F is of C, therefore E is the same mul- 
tiple of B that F is of D (3. 3), that is, E ^ » £ 2 
and F are equimultiples of B and D : But 
G and H are equimultiples of B and D ; 
therefore, if E be a greater multiple of B 
than G is of B, F is a greater multiple of D 
than H is of D ; that is, if E be greater than G, F is 
greater than H : And, in like mamier, if E be equal to 
G, F may be shewn to be equal to H, and if less, less : 
But E, F are any equimultiples whatever of A, C, and 
G, H are any equimultiples whatever of B, D ; there- 
fore AistoBasCistoD. 

Next, let A be the same part of B that C is of D : 
A shall be to B, as C is to D. 

For B is the same multiple of A that D is 
of C : Therefore, by the preceding case, B 
is to A as D is to C ; and, inversely (3. B), 
AistoBasCistoD. 

Wherefore, If the jwst he the same multiple A B G D 

4rC. Q.E.D. 

PROP. D. Theor. 
If thefrat be to the second ae the third to thefourthf and if 
the first he a multiple, or a part of the second, the third 
shall be the same multiple, or the same part of the fourth. 

Let AbetoBasCistoD, and first, let A be a mul- 
tiple of B : C shall be the same multiple of D. 
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Take E eqiial to A, and, whatever multiple A or E is 
of B, make F the same multiple of D : Then, 
because AistoBasC istoD, and of B and 
D have been taken equimultiples, E and F, 
therefore, AistoEasCtoF(3. Cor, 4) : 
But A is equal to E ; therefore C is equal to 
F (3. A) : And F is the same multiple of D 
that A is of B ; therefore also C is the same 
multiple of D that A is of B. 

Next, let A be a part of B : C shall be the 
the same part of D. 

For, because AistoB as CistoD, therefore, in- 
versely (3. B), BistoAasDtoC: But A is a part of 
B ; therefore B is a multiple of A, and, therefore, by the 
preceding case, D is the same multiple of C — ^that is, C 
is the same part of D that A is of B. 

W)i<sreioxQ^ If the first 8sc, a.E.D. 

PROP. Vn. Thbob. 

Equal magnitudes have the same ratio to the same mag- 
nitudes : afid the same has the same ratio to equal 
magnitudes. 

Let A and B be equal magnitudes, and G any other : 
A and B shall have each the same ratio to C, and C 
shall have the same ratio to each of A and B. 

Take of A and B any eqidmultiples whatever D and 

E, and of C any multiple whatever F : Then, ( 
because D is the same multiple of A that E 

'1 

F, E will be greater than F, and if equal, 1 f 
equal, and if less, less : But D and E are 

any equimultiples whatever of A and B, and F is any 
multiple of C ; therefore, AistoCasBistoC. 



is of B, and that A is equal to B, therefore I) b 1 
is equal to E : Hence, if D be greater than ^ ? 
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So also C shall have the same ratio to A that it has 
toB. 

For the same constructioii being made, it may be 
shewn, as before, that D is equal to £ : therefore, if F 
be greater than D, F is also greater than £, and if 
equal, equal, and if less, less : But F is any multiple 
whatever of C, and D and £ are any equimultiples 
whatever of A and B ; therefore, GistoAas CistoB. 

Wherefore, Equal magnitudes Sjc. q.e.d. 

PROP. Vin. Theor. 

Of unequal magniiudes the greater has a greater ratio to 
the same than the less has : and the same magnitude has 
a greater ratio to the less than it has to the greater. 

Let AB, BC be unequal magnitudes, of which AB is 
the greater, and let X) be any magnitude whatever : AB 
shall have to D a greater ratio than BC has to D, and D 
shall have to BC a greater ratio than it has to AB. 

If the magnitude which is not the greater of the two 
AC, CB, be not less than D, take £F, FG, 
the doubles of AC, CB, (fig. 1) : But if 
that which is not the greater of the two 
AC, CB, be less than D (fig. 2), it can be 
multiplied, so as to become greater than D : 
Let it be so multiplied, and let the other be 
multiplied as often; and let £F, FG be 
the equimultiples thus taken of AC, CB, so that £F, FG, 
will be each of them greater than D : And in each 
case, take H the double of D, K its triple, and so on, 
till we come to that multiple of D which first becomes 
greater than FG : Let L be that multiple, and K the 
multiple of D which is next less than L. 

Then, because L is the multiple of D, which first be- 
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comes greater than FG, the next preceding multiple K 
is not greater than FG, that is, FG is not less than K : 
And because EF is the same multiple of AC that FG is 
of CB, therefore EG is the same multiple of AB that 
FG is of CB (3. 1), that is, EG, FG, are equimultiples 
of AB, CB : And it was shewn that FG is not less 
than K, and, by construction, EF is greater 
than D ; therefore the whole EG is greater 
than K and D together : But K and D ^'^ 
toge^er are equal to L ; therefore EG is 
greater than L : But FG is not greater 
than L; and EG, FG are equimultiples 
of AB, BC, and L is a multiple of D ; 
therefore (3. Def, 7) AB has to D a greater 
ratio than BC has to D. 

Also, D shall have to BC a greater ratio than it has 
toAB. 

For, the same construction being made, it may be 
shewn, in Uke manner, that L is greater than FG, but 
not greater than EG : And L is a multiple of D ; and 
EG, FG are equimultiples of AB, BC ; therefore D has 
to BC a greater ratio than it has to AB. 

Wherefore f Of unequal magnitudes S^c, a.E.D. 

PROP. rX. Thbob. 
Moffnitudes, which have the same ratio to the same magni- 
titde, are equal to one another : and those, to which the 
same magnitude has the same rtUio, are equal to one 
another. 

First, let A, B have each the same ratio to C : A shall 
be equal to B. 

For, if A be not equal to B, one of them is greater 
than the other ; let A be the greater: Then, as in (3. 8), 
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there are some equimultiples of A and B, and some 
multiple of C, such, that the multiple of A is greater 
than the multiple of C, but the multiple 
of B not greater than that of C : Let such 
multiples be taken; and let D, E be the 
equimultiples thus taken of A, B, and F 
the multiple of C, so that D may be greater 
than F, but E not greater than F : Then, 
because Ai^toCa^BistoC, and of A, B, *| ^ 
are taken equimultiples. D, E, and of C a 
multiple F, and that D is greater than F, therefore also 
E is greater than F (5. Bef, 5) : But E is not greater 
than F — ^which is impossible : Therefore A is not un- 
equal to B, that is, they are equal. 

Next, let C hare the same ratio to each of A and B : 
A shall be equal to B. 

For, if A be not equal to B, one of them is greater 
than the other; let A be the greater: Then, as in 
(5. 8), there is some multiple F of C, and there are 
some equimultiples D and E of A and B, such that F 
is greater than E, but not greater than D : Now, be- 
cause CistoAasCistoB, and that F is a multiple 
of C, and D, E, equimultiples of A, B, and that F is 
greater than E, therefore also F is greater than D : But 
F is not greater than D — which is impossible : There- 
fore A is not unequal to B ; that is, they are equal. 

Wherefore, Magnitudes which Sgc, q. e. d. 

PROP. X. Thbor. 
JTuU moffnitudef which has a greater ratio than another 
has to the same magnitude^ is the greater of the two : 
and that nmgnitttde, to which the same has a greater 
ratio t?w,n it has to amother magnitude, is the lesser of 
the two, 

Q. 
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First, let A have to C a greater ratio than B has to C : 
A shall be greater than B. 

Eor, because A has a greater ratio to C than B has to 
C, there are (5. Ikf, 7) some equimultiples of A and B 
and some multiple of C, such that the mul- 
tiple of A is greater than the multiple of C, . 
but the multiple of B not greater than the •^{ 
multiple of C : Let such midtiples be taken ; 
and let D, £ be the equimultiples of A, B, ^| 

and E the multiple of C, such that D is 
greater than E, but E not greater than F, and i 
therefore D is greater than E : But D and ^1 
E are equimultiples of A and B ; therefore 
(5. Ax, 4) A is greater than B. 

Next, let C hare to B a greater ratio than it luu» to A : 
B shall be less than A. 

For there is some multiple F of C, and there are 
some equimultiples D and E of A and B, such that F is 
greater than E, but not greater than D, and therefore 
E is less than D : But D and E are equimultiples of 
A and B ; therefore B is less than A. 
Wherefore, That magnitttde Sgc, q.e.d. 

PROP. XI. Theor. 
Ratios that are the same to thfi same ratio are the same to 

one another'. 

Let A be to B as C is to D, and let C be to D as E is 
to F : then A shall betoBasEistoF. 
Take of A, C, E, any equimultiples whatever G, H, K, 

C H- 'E, 
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and of B, D, F, any equimultiples wliateyer L, M, N : 
Then, because AistoBasCistoD, and that G, H 
are equimultiples of A, C, and L, M, of B, D, therefore 
if G be greater than L, H is greater than M, and if 
equal, equal, and if less, less : Again, because C is to 
D as E is to F, and H, K are equimultiples of C, E, 
and M, N, of D, F, therefore if H be greater than M, 
£ is greater than N, and if equal, equal, and if less, 
less : But it has been shewn that, if G be greater than 
L, H is greater than M, and if equal, equal, and if less, 
less; therefore if G be greater than L, K is greater 
than N, and if equal, equal, and if less, less : And 
G, K are any eqidmultiples whatever of A, E, and L, N 
any whatever of B, F ; therefore, AistoBasEistoF. 
Wherefore, McUioa that S^, q.e.d. 



PROP. Xn. Theor. 

If any number of magnitvdes he proportionahf as one of the 
antecedents is to its consequent, so shall aU the antecedents 
taken together be to aU the consequents. 

Let any number of magnitudes A, B, C, D, E, F, be 
proportionals, that is, as A is to B, so let C be to D, 
and E to F : then, as A is to B, so shall A, C, E together 
be to B, D, F together. 

Take of A, C, E any equimultiples whatever G,H,K, 
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and of B, D, F any equimultiples whatever L, M, N : 
Then, because AistoBasCistoD and as E to F, and 
that G, H, K are equimultipiles of A, C, E, and L, M, N 
equimultiples of B, D, F, therefore, if G be greater than 
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L, H will be greater than M and K greater than N, 
and if equal, equal, and if less, less : Therefore, if G 
be greater than L, G, H, K together will be greater 
than L, M, N together, and if equal, equal, and if less, 
less : But G, and G, H, K together, are any equimul- 
tiples of A, and A, C, E together, for (5. 1) if there be 
any number of magnitudes equimultiples of as many, 
each of each, whaterer multiple one of them is of its 
part, the same multiple will the whole be of the whole ; 
and for the same reason L, and L, M, N are any equi- 
multiples of B, and B, D, F : Therefore as A is to B 
so are A, C, E together to B, D, F together. 
Wherefore, If any number S^, q.e.d. 

PROP. Xm. Theor. 

If tJieJvrst has to the second the same ratio which the third 
has to the fourthf but the third to the fourth a greater 
ratio than the ffth has to the sixth, the first shall also 
have to the second a greater ratio than the fifth has to the 
sixth. 

Let A the first hare the same ratio to B the second 
which C the third has to D the fourth, but let C the 
third have to D the fourth a greater ratio than E the 
fifth has to F the sixth : then also the first A shall have 
to the second B a greater ratio (han the fifth E to the 
sixth F. 

For, because C has a greater ratio to I) than E to F, 
there are some equimultiples of C and E, and some of D 
and F, such that the multiple of C is greater than the 
multiple of D, but the multiple of E not greater than 
the multiple of F (5. Def, 7) ; Let such multiples be 
taken, and let G, H, be equimultiples of C, E, and K, L, 
equimultiples of D, F, such that G may be greater than 
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Kf but H not greater than L : Also whatever multiple 
G is of C, take M the same multiple of A ; and whatever 
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mtiltiple K is of D, take N the same multiple of B : 
Then, because A is to B as C to D, and M and G are 
equimultiples of A and C, and N and K of B and D, 
therefore if M be greater than N, G is greater than K, 
and if equal, equal, and if less, less : But G is greater 
than K ; therefore M is greater than N : And H is not 
greater than L ; and M, H are equimultiples of A, E, 
and N, L equimultiples of B, F ; therefore (5. Def. 7) 
A has a greater ratio to B than E has to F. 

Wherefore, Iftkejvrst Ssc, q.e.d. 

Cor. Also, if the first have a greater ratio to the 
second than the third has to the fourth, but the third 
the same ratio to the fourth which the fifth has to the 
sixth, it may be shewn, in like manner, that the first 
has a greater ratio to the second than ih.e fifth has to 
the sixth. 

PROP. XrV. Thbob. 

If the first hoA the same ratio to the second which the third 
has to the fourth^ then, if the first be greater than the 
third, the second shall be greater than the fourth, and if 
equal, equal, and if less, less. 

Let the first A have the same ratio to the second B 
which the third C has to the fourth I) : then, if A be 
greater than C, B shall be greater than D, if equal, 
equal, and if less, less. 

First, let A be greater than C : Then, since A is 
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greater than C, and B any other magnitude, therefore 
A has to B a greater ratio than C to B (5. 8) : But, as 
AistoBsoisCtoD; therefore also C has to I) a 
greater ratio than C has to B (5. 13) : But, of two 
magnitudes, that to which the same has the greater 
ratio is the lesser (5. 10) ; therefore D is less than B, 
that is, B is greater than D. 

Next, let Abe equal 
to C : Then, A is to B 
as C, that is, A, is to 
I) ; therefore (5. 9) B 
is equal to D. 

Lastly, let A be less 
than C : Then C is 
greater than A ; and because CistoDasAistoB, 
and that C is greater than A, therefore, by the first 
case, D is greater than B, that is, B is less than D. 

Wherefore, If thejirst S^c, q. e. d. 
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PROP. XV. Theor. 

Magnitudes have the same raiio to one another which their 

equimultiples have. 

Let AB and DE be equimultiples of C and F : C shall 
be to F as AB to DE. 

For, because AB is the same multiple of C that DE 
is of F, there are as many magnitudes in ^ 
AB equal to C, as there are in DE equal 
to F : Divide AB into magnitudes, each 
equal to C, viz. AG, GH, HB, and DE 
into magnitudes, each equal to F, viz. DK, 
KL, LE : Then the number of the mag- 
nitudes AG, GH, HB, will be equal to the number of 
the magnitudes, DK, KL, LE : And because AG, 
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OH, HB are all equal, and that BK, KL, L£ arc also 
equal to one another, therefore AG is to DK as GH to 
KL, and as HB to L£ : But as one of the antecedents is 
to its consequent, so are all the antecedents together to 
all the consequents together (3. 12) ; therefore, as AG 
is to DK 80 is AB to DE : But AG is equal to C, and 
DK to F ; therefore, asCistoFsoisABto D£. 
Wherefore, Magnitudes S^c, q. e. d. 

PROP. XVI. Thbob. 

If four magnittidea of the same kind be proportionals, they 
shall also be proportionals when taken akemately. 

Let the four magnitudes A, B, C, D be proportionals, 
that is, let A be to B as C to D : they shall also be 
proportionals when taken alternately, that is, A shall 
be to C as B to D. 

Take of A, B, any equimultiples whateyer E, F, and 
of C, D, any equimultiples whateyer G, H: Then, 
because E is the same multiple of A that F is of B, and 
that magnitudes have the same ratio to one another 
which their equimultiples haye (3. 15) therefore A is 
to B as E is to F : But AistoBasC istoD; there- 
fore CistoDasEistoF g . ^ 

(3. 11); Again, because a o 

G, H are equimultiples of » "d 

C, D, therefore C is to D ^ ^ 

as G is to H : But CistoDasEistoF; therefore E 
is to F as G to H : But when four magnitudes are 
proportionals, if the first be greater than the third, the 
second shall be greater than the fourth, and if equal, 
equal, and if less, less (5. 14) ; therofore, if E be greater 
than G, F is greater than H, and if equal, equal, and if 
less, less : But E, F, are any equimultiples whatever 
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of A, B, and G, H any whaterer of C, D ; therefore A 
istoCasBistoD. 

Wherefore, If four magnitUeles S^c, q.e.d. 

Cob. Hence, by the help of (5. 14), it follows that, 
if four magnitudes be proportionals, then if the first be 
greater than the second, the third will be greater than 
the fourth, and if equal, equal, and if less, less. 

PROP. XVn. Theob. 

If four inagnitude8f taken jointly , be proportionals^ they 
shall also be proportionals when taken separately; that 
is, if two magnitudes together have to one of them the 
same ratio which two others have to one of these, the 
remaining one of thefwst two shcUl have to the other the 
same ratio which the remaining one of the last two has to 
the other of these. 

Let AB, BE, CD, BF be four magnitudes which, 
taken jointly, are proportionals, that is, let AB be to 
BE as CD to DF: they shall also be proportionals 
when taken separately, that is, AE shall be to EB as 
CF to FD. 

Take of AE, EB, CF, FD, any equimultiples what- 
ever GH, HK, LM, MN, and, again, of EB, FD, take 
any equimultiples whatever KX, NP : Then, because 
GH is the same multiple of AE that HK is of EB, 
therefore GH is the same multiple of AE that GK is of 
AB(5.1): But GH is the same multiple of AE that LM 
is of CF ; therefore GK is the same multiple of AB that 
LM is of CF : Again, because LM is the same multiple of 
CF that MN is of FD, therefore LM is the same multi- 
ple of CF that LN is of CD : But LM was shewn to be 
the same multiple of CF that GK is of AB ; tlierefore 
GK is the same multiple of AB that LN is of CD , that 



»3J 



F- 






BOOK V. 177 

is, GK, LN, are equimultiples of AB, ^ 
CD : Again, because HK is the same 
multiple of EB that MN is of FD, and x- 
that KX is also the same multiple of EB ^ 
that NP is of FD, therefore HX is the 
same multiple of £B that MP is of FD 
(3.2), that is, HX, MP, are equimultiples 
of EB, FD : And because AB is to BE as & JlC i; 
CD is to DF, and that GK, LN, are 
equimultiples of AB, CD, and HX, MP, are equimulti- 
ples of EB, FD, therefore, if GK be greater than HX, 
LN is greater than MP, and if equal, equal, and if less, 
less : But if GH be greater than KX, then, by adding 
HK to both, GK is greater than HX ; therefore also 
LN is greater than MP, and, by taking away MN from 
both, LM is greater than NP ; that is, if GH be greater 
than KX, LM is greater than NP : And, in like man- 
ner, it may be shewn that, if GH be equal to KX, LM 
is equal to NP, and if less, less : But GH, LM, are 
any equimultiples whatever of AE, CF, and KX, NP 
are any whatever of EB, FD ; therefore AE is to EB as 
CF to FD. 
Wherefore, If four magnitudes 8^c, q.e.d. 

PROP. XVni. Theor. 

If four magnitudes^ taken separately ^ be proportionals, t/iey 

shaU also be proportionals when taken jointly : that is, 

if the first be to the second, as the third to the fourth, the 

first and second together shall be to the second, as the third 

and fourth together to the fourth. 

Let the four magnitudes AE, EB, CF, FD be propor- 
tionals, that is, let AE be to EB as CF to FD : they 
shall also be proportionals, when taken jointly, that is, 
AB shall be to BE as CD to DF. 
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For, if not, lot AB be to BE as CD to DG : Then 
(5. 17) since these four magnitudes are proportionals, 
they are also proportionals, when taken separately, that 
is, AE is to EB as CG to GD : But {Hyp,) 
AEistoEBasCFtoFD; therefore CF is to 
FD as CG to GD : Therefore (3. 14) if CF 
be greater than CG, FD will be greater than 
GD, or if less, less : But, since CF and FD 
together make up the same whole as CG and " " 
GD, therefore, if CF be greater than CG, FD wiU be 
less than GD, or if less, greater — ^which is absurd: 
therefore AB is to BE as CD to DF. 

Wh&cQfore^ If four magnitudes fyi, q.e.d. 

PROP. XrX. Theor. 

If a whole magnitude be to a whole as a magnitude taken 
from the fvrst is to a magnitude taken fromt the other ^ 
then the remainder shall be to the remainder as the whole 
to the whole. 

Let the whole AB, be to the whole CD, as AE, a 
magnitude taken &om AB, is to CF, a magnitude taken 
from CD : then the remainder EB shall be to the re- 
mainder FD as the whole AB to the whole CD. 

For, because AB is to CD as AE to CF, therefore, 
alternately (3. 16), AB is to AE as CD to CF : 
But, if magnitudes taken jointly be propor- c 

tionals, they are also proportionals when taken ^\'-p\' 
separately (3. 17) ; therefore, EB is to AE as 
FD to CF, and, alternately, EB is to FD as 
AE to CF, that is, as AB to CD (Hyp,), 

Wherefore, If the whole S^c, q.e.d. 

Cor. If the whole be to the whole as a magnitude 
taken from the first is to a magnitude taken from the 
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other, then also the remainder shall be to the remainder 
as the magnitude taken from the first is to that taken 
from the other ; that is, if AB be to CD as EB to FD, 
then AE shall be to CF as EB to FD. 

PROP. E. Theor. 

If four magnitudM he proportionahy they shall qiao he prO' 
portioTuUs by conversion ; that is, tJie frst shall he to Us 
excess above the second as the third to its excess above the 
fourth. 

Let AB be to BE as CD to DF : then BA shall be 
to AE as DC to CF. jl 

For, because AB is to BE as CD to DF, 
therefore, by division (5. 17), AE is to EB as *' 
CF to FD, and, by inyersion (5. B), BE is to 
EA as DF to FC : Therefore, by composition j^ ^ 
(5. 18), BA is to AE as DC is to CF. 
Wherefore, If four magfiitudea Sgc. (^.b.d. 

PROP. XX. Theor. 

If there he three magnitudes, and other three, which, taken 
two and two, have the same ratio, then, if the^st he greater 
than the third, the fourth shall be greater than the sixth, 
and if equal, equdlf and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other 
three, which, taken two and two, have the same ratio, 
that is, let A be to B as D to E, and let B be to C as E 
to F : then, if A be greater than C, D shall be greater 
than F, and if equal, equal, and if less, less. 

First, let A be greater than C ; D shall be greater 
than F : For, because A is greater than C, and B is any 
other magnitude, therefore (5. 8) A has to B a great^ 
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ratio than C has to B : But AistoBasDistoE; 

therefore I) has to E a greater ratio than C to B : And 

because BistoCasEtoF, by inversion, C is 

to B as F is to E : And D was shewn to have 

to E a greater ratio than C to B ; therefore D 

has to E a greater ratio than F to E, and there- „ _ y 

fore (5. 10) D is greater than F. i | | 

Next, let A be equal to C : D shall be equal | i 
to F : For, because A is equal to C, and B is any other 
magnitude, therefore A is to B as C is 
to B (5. 7) : But A is to B as D to 
E, and CistoB asFtoE; therefore ^ 3 ^ Jl b < ; 
DistoEasFtoE, and therefore D P e r D JK f 
is equal to F (5. 9). 

Lastly, let A be less than C ; D 
shall be less than F : For C is greater than A ; and, as 
before, CistoBasFtoE, and, in like manner, B is to 
A as E to I) ; therefore, by the first case, F is greater 
than D, that is, I) is less than F. 

Wherefore, If there he three S^e, q e.d. 

PROP. XXI. Theob. 

If there be three magnitudee, and other three, which have 

the same ratio taken two and ttoo, hut in a cross order, 

then, if the Jvrat magnitude he greater than the third, the 

fourth 8haU he greater than the sixth, andif equal, equal, 

and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other 
three, which have the same ratio, taken two and two, 
but in a cross order, that is, let A be to B as E is to F, 
and let B be to C as D is to E : then if A be greater 
than C, D shall be greater than F, and if equal, eqiial, 
and if less, less. 
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Firat, let A be greater than C ; D shall be greater 
tkaa F : For, because A is greater than C, and B is 
any other magnitude, therefore A has to B a greater 
ratio than C has to B : But AistoBasEtoF; there- 
fore E has to F a greater ratio than C to B : 
And because BistoCasDtoE, therefore, by 
inYersion, CistoBasEtoD: And E was 
shewn to have to F a greater ratio than C to B ; ji b o 
therefore E has to F a greater ratio than E to ? ? T 
D ; and therefore F is less than I>> that is, D is | I I 
greater than F. ; 

Next, let A be equal to C ^ D shall be equal to F : 
For, because A is equal to C, and B is any other mag- 
nitude, therefore AistoBasCistoB: i i 
But AistoBasEtoF, andCistoB [ Ir 
as E to D 4 therefore E is to F as E to j^H II 
D, and therefore D is equal toF. i>vjpdbp 

Lastly, letA be less thanC; D shall | I | I I | 
be less than F : For C is greater than I 
A ; and, as before, CistoBasEtoD, and, in like 
manner, BistoAasFtoE; therefore, by the first 
case, since C is greater than A, F is greater than D, that 
is, D is less than F. 

Wherefore, If there be three Sjc. a. b. d. 



PROP. XXII. Theo». 

If there he any number of magnitudeSy and as many others^ 
tphichf taken ttoo and two in orders have the same raHOf 
then thejvrst shdU have to the last ofthefirvt magnitudes 
the same ratio which thejvrst of the others has to the last, 

N.B. This is usaally cited by the words '^ez aequali." 
First, let there be three magnitudes. A, B, C, and 

other three, D, E, F, which, taken two and two, haye 
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the Bune ratio, that ia, letAbetoBaaDtoE, tmd B 
to C M E to F : Qiea A shaU be to C aa D to F. 

Take of A, D, aay equinwltiplea whaterei G, H, and 
of B, E, anj whatever K, L, and of C, F anywhateTer 
M, N ; Then, becaose AiitoBBHDtoE,Bad that 
Q, H are equimultiplea of A, D, and 
K, L equimnltiples of B, E, there&M 
OuitoKwHtoL(4. 4); And, for 
the like reason, Ki8toMBaLtoN:*"|'T "JT 
And becBiue there are three magni- I 

tudefla,E,H,andotherthreeH,L,N, M M 

which, taken two and two, have the 
•ame ratio, therefore (d. 20) if G be greater than M, 
H, i» greater than N, and if equal, equal, and if leea, 
leu : But O, H are any equimultiples whatever of A, D, 
and M,N are any equimultiplea whatever of C,F; thero- 
fbre AiatoCasDtoF. 

Next, let there be fooi magnitudes. A, B, C, D, and 
other four E, F, G, H, which, taken 
two and two, have the same ratio, . g q jj 
that is, let A be to B as E to F. B to r'f'„'tt' 
CaeFtoO, andCtoDasOtoH: I ' 

then A shall be to D as E to H. 

For, because A, B, C are three magnitudes, and 
E, F, G other three, which, taken two and two, have 
the same ratio, therefore, by the first caae, A is to C aa 
E to O ; But CistoD asOistoH; dierefbra also, 
by the first case, AiatoDasEtoH: And bo we 
may proceed, whatever be the number of magnitude*. 

Wherefore, I/tMav be any mwiier ^. tt.B.D. 

PROpr^KXm. THBoa. 

If thare ie any number of moffnlfudet, and at many ctl^tn. 
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ratio, then Ihefirit ihail have to the laat of theJwH mas- 

mfudM th» tcana roHo which thejint of the othen hat to 

fhtlatt. 

First, let there be three ma^tndes A, B, C, and 
other three D, E, F, which, taken two and two in b 
CTQBB order, have the Hune ratio, that ii, let A be to B 
asEtoF, andBtoCasDtoE: then A shaU be to C 
isDtoF. 

Take of A,B,D, any equimultiples whatever Q.H.K, 
and of C, E, F, any equimultipleB whaterer L, H, N : 
Then, became Q, H are equimultipli 
of A, B, therefore {3. 15) A ia to 
as Q to H : And for the like reasoi 
EUtoFasMtoN: BntAigto 
aa E to F 1 therefore OistoHaaM {|| 111 
to N ; And because BUtoCasDto 
E, and that H, K are equimultiples | I M 

of B, D, and L, M eqiiimuItipleB of I 

C, E, therefore (A. 1) U ia to L as K to M : And it 
has been shewn that OistoHasMtoN: So then, 
because there ore three magnitudes O, H, L, and other 
three K, M, N, which, taken two and two in a cross 
order, have the same ratio, therefore (4. 21) if Q be 
greater than L, K is greater than N, and if equal, equal, 
and if less, leas : But G, E are any equimultiple* 
whatever of A, D, and L, N any whatever <rf C, F; 
therefore AistoCasDtoF. 

Next, let there be four magmtudes A, B, C, D, and 
other four E, F, O, H, which, taken 
two and two in a cross order, have the 
same ratio; that is,letAbetoBasO 
to H, B to C as F to G, and C to D as 
EtoF: then A shaU be to D OS E to 1 
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For, because A, B, C are three magnitudes, and 
F, G, H other three, which, taken two and two in a 
cross order, have the same ratio, therefore, by the first 
case, AistoCasFtoH: But CistoDasEtoF; 
therefore also, by the first case, AistoDasEtoH: 
and so we may proceed, whatever be the number of 
magnitudes. 

Wherefore, If there he any number 4*. <l. b. d. 

PROP. XXrV. Theob. 
If the fvrst hoe to the second the same ratio which the third 
haa to the fourth, and the ffth to the second the same 
ratio which the sixth has to the fourth, then the first and 
fifth together shall ha/ve to the second the same ratio which 
the third and sixth together have to the fourth. 

Let AB the first have to C the second the same ratio 
which DE the third has to F the fourth, and let BG the 
fifth have to C the second the same ratio < 
which EH the sixth has to F the fourth : 
then AG, the first and fifth together, shall ^ 
have the same ratio to C the second which 
BH, the third and sixth together, has to F 
the fourth. A c i> f 

For, because BG is to C as EH to F, therefore, by 
inversion, C is to BG as F to EH : And, because AB 
is to C as DE to F, and C is to BG as F to EH, there- 
fore, ex sequali (5. 22), AB is to BG as DE to EH : 
And therefore jointly (<5. 18) AG is to BG as DH to 
EH : But BGistoCasHEtoF; therefore, ex 
sequali, AG is to C as DH to F. 

Wherefore, If the fret ifc, q.e. d. 

Cob. 1. On the same hypothesis, the excess of the 
first and fifth shall be to the second as the excess of the 






BOOK V. 185 

third and sixth to the fourth. The demonstration of 
this is the same with that of the proposition, if division 
be used instead of composition. 

Cor. 2. The proposition holds true of two ranks of 
magnitudes, whatever be their nimiber, of which each of 
the first rank has the same ratio to the second magni- 
tude that the corresponding one of the second rank has 
to a fourth magnitude — as is manifest. 



PROP. XXV. THBoa. 

If four magnUudea of the same kind he proportionals, the 
greatest and least of them together shall be greater than 
the other ttoo together. 

Let AB be to CD as E to F, and let AB be the greatest 
of them, and consequently F the least (5. A. & 14) : 
then AB and F together shall be greater than CD and 
E together. 

Take AG equal to E, and CH equal to F : Then, be- 
cause AB is to CD as E to F, and that AG is ^ 
equal to E, and CH to F, therefore AB is to i 
CD as AG to CH, and therefore also (<5. 19) ^ 
the remainder BG is to the remainder DH 
as AB to CD : But AB is greater than 
CD ; therefore BG is greater than DH 
(3. A.) : And because AG is equal to E, and CH to F, 
therefore AG and F together are equal to CH and E 
together : And if to the unequal magnitudes BG, 
DH, of which BG is the greater, there be added equal 
magn^des, viz. AG and F to BG, and CH and E 
to DH, then AB and F together are greater than CD 
andE. 

Wherefore, If four magnitudes SfC, 
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DEFINITIONS. 

I. SiMiLAB rectilineal figures axe those which have 
their angles equal, each to each, and the sides about 
the equal angles proportionals. 

II. Reciprocal figures, viz. triangles and parallelo- 
grams, are such as have their sides about two of their 
angles proportionals in such a manner, that a side of 
the first figure is to a side of the other, as the remaining 
side of this other is to the remaining side of the first. 

III. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment 
as the greater segment is to the less. 

lY. The altitude of any figure is the straight line 
drawn from its vertex perpendicular to the base. 



PROP. I. Theor. 

Triangles and paraUelograma of the same altitude are to 

one another as their bases. 

Let the triangles ABC, ACD, and the parallelograms 
EC, OF, haye the same altitude, yiz. the perpendicular 
drawn from the vertex A to BD : then, as the base BC 
is to the base CD, so shall the triangle ABC be to the 
triangle ACD, and the parallelogram EC to the paral- 
lelogram CF. 
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Produce BD both ways, and take 
any number o^ straight lines BG, GH, e -a. f 

each, equal to BC, and, any number, 
DK, KL, each, equal to CD ; and join 
AG, AH, A£, AL. hgbc j> jl 

Then, because CB, BG, GH are 
all equal, the triangles ABC, AGB, AHG, are all 
equal; and therefore, whatever multiple the base HC 
is of the base BC, the same is the triangle AHC of 
the triangle ABC : For the like reason, whatever 
multiple the base CL is of the base CD, the same is the 
triangle ACL of the triangle ACD : And, if the base 
HC be equal to the base CL, the triangle AHC is 
equal to the triangle ACL, and if greater, greater, and 
if less, less : Therefore, since there are four magni- 
tudes, viz. the two bases BC, CD, and the two triangles 
ABC, ACD, and of the first and third, viz. the base 
BC and the triangle ABC, have been taken any equi- 
multiples whatever, viz. the base HC and the triangle 
AHC, and of the second and fourth, viz. the base CD 
and triangle ACD, have been taken any equimultiples 
whatever, viz. the base CL and triangle ACL, and that it 
has been shewn that, if the base HC be greater than the 
base CL, the triangle AHC is greater than the triangle 
ACL, and if equal, equal, and if less, less — ^therefore 
(5. Def, 5), as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD. 

And, because the parallelogram CE is double of the 
triangle ABC, and the parallelogram CF double of the 
triangle ACD, and that magnitudes have the same ratio 
which their equimultiples have {5, 15), therefore, the 
triangle ABC is to the triangle ACD as the parallelo- 
gram EC to the parallelogram CF : But it has been 
shewn that the triangle ABC is to the triangle ACD 
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as the base BC is to the base CD ; therefore (5. 11), 
as the base BC is to the base CD, so is the parallelo- 
gram EC to the parallelogram CF. 

Wherefore, Triangles S^, q.e.d. 

Cob. Triangles and parallelograms of eqtuU altitudes 
are to one another as their bases. 



PROP. n. Thboe. 

ffa straight line be parallel to the base of a triangle, it shall 
cut the sides, or the sides produced, proportionally : and if 
the sides, or the sides produced, be cut proportionally, the 
straight line which Joins the points of section shall be 
parallel to the base. 

Let DE be parallel to BC, the base of the triangle 
ABC : BD shall be to DA as CE to EA. 

Jom BE, CD : Then the triajigle BDE is equal to 
the triangle CDE, because they are on the same base 
DE, and between the same ^ 
parallels DE, BC : And 
ADE is another triangle ; 
therefore (3, 7) the triangle j} 
BDE is to the triangle ADE 
as the triangle CDE is to the 
triangle ADE : But the triangle BDE is to the triangle 
ADE as BD is to DA (6. 1), because they have the 
same altitude, viz. the perpendicular firom E on AB ; 
and so also the triangle CDE is to the triangle ADE as 
CE to EA : Therefore BD is to DA as CE to EA. 

Next, let BD be to DA as CE to EA, and join DE : 
then DE shall be parallel to BC. 

For, the same construction being made, because BD 
is to DA as CE to EA, and as BD to DA so is the tri- 
angle BDE to the triangle ADE, and as CE to EA so is 
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the triangle CD£ to the triangle ADE — ^therefore the 
triangle BDE is to the triangle ADE as the triangle 
CDE to the triangle ADE, and therefore (3, 9) the 
triangle BDE is equal to the triangle CDE : But they 
are on the same base DE ; therefore DE is parallel to 
BC. 
Wherefore, If a strmgM line 8fc. q. e. d. 

PROP. in. Theoe. 

If the vertical angle of a triangle he bisected by a straight 
line which also cuts the basef the segments of the base 
shaU have the same ratio which the other sides of the 
triangle have to one another : and if the segments of the 
base have the same ratio which the other sides of the tri- 
angle have to one another , the straight line, drawn from 
the vertex to the point of section, bisects the vertical 
angle. 

Let the yertical angle BAG of any triangle ABC 
be bisected by the straight line AD, which cuts the base 
BC in D : BD shall be to DC as BA to AC. 

Through C draw CE parallel to AD, meeting BA 
produced in E: Then, because AC meets the two 
parallels AD, EC, the angle DAC is equal to the alter- 
nate angle ACE : But the angle DAC is equal to the 
angle BAD; therefore also the angle 
BAD is equal to the angle ACE: 
Again, because BAE meets the two 
parallels AD, EC, the exterior angle 
BAD is equal to the interior and op- 
posite angle AEC : But the angle BAD has been 
proved equal to the angle ACE; therefore also the 
angle ACE is equal to the angle AEC, and the side AC 
to the side AE : Now because AD is parallel to CE, 
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a side of the triangle BCE, therefore (6. 2) BD is to 
DC as BA to AE : But AE is equal to AC ; therefore 
BD is to DC as BA to AC. 

Next, let BD be to DC as BA to AC, and join AD : 
then the angle BAC shall be bisected by AD. 

For, the same construction being made, because BD 
is to DC as BA to AC, and also BD is to DC as BA to 
AE (since AD is parallel to EC), therefore BA is to 
AC as BA to AE : Therefore (<5. 9) AC is equal to 
AE and the angle ACE to the angle AEC : But the 
angle ACE is equal to the alternate angle DAC, and 
the angle AEC is equal to the exterior and opposite 
angle BAD ; therefore the angle BAD is equal to the 
angle DAC, that is, the angle BAC is bisected by the 
straight line AD. 

Wherefore, If the vertical angle S^c, q.e.d. 

PROP. A. Theor. 

If the exterior angle of a triangley made by producing any one 
of its sides f he bisect^ by a straight line which also cuts the 
base produced, the segments between the dividing line and 
the extremities of the base shall have the same ratio which 
the other sides of the triangle have to one another : and 
if the segments of the base produced have the same ratio 
which the other sides of the triangle have to one another f 
the straigJU line drawn from the vertex to the point of 
section shaU bisect the exterior angle of the triangle. 

Let the exterior angle CAE of any triangle ABC be 
bisected by AD, which meets the base produced in D : 
then BD shaU be to DC as BA to AC. 

Through C draw CF parallel to AD : Then, because 
AC meets the two parallels AD, CF, the angle DAC 
is equal to the alternate angle ACF : But the angle 
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DAC is equal to the angle DAE; therefore also the 
angle DAE is equal to the angle ACF : 
Again, because FAE meets the two 






parallels AD, FC, the exterior angle 
DAE is equal to the interior and op- 
posite angle AFC : But the angle "** ^ , '^ 

DAE was proved equal to the angle ACF; therefore 
also the angle ACF is equal to the angle AFC, and the 
side AC to the side AF : Now because AD is parallel 
to CF, a side of the triangle BCF, therefore BD is to 
DC as BA to AF : But AF is equal to AC ; therefore 
BD is to DC as BA to AC. 

Next, let BD be to DC as BA to AC, and join AD : 
then the angle CAE shall be bisected by AD. 

For, the same construction being made, because BD 
is to DC as BA to AC, and also BD is to DC as BA to 
AF, therefore BA is to AC as BA to AF, and therefore 
AC is equal to AF, and the angle ACF to the angle 
AFC : But the angle ACF is equal to the alternate 
angle CAD, and the angle AFC to the exterior angle 
DAE; therefore also the angle CAD is equal to the 
angle DAE, that is, the angle CAE is bisected by AD. 

Wherefore, Ifth^ exterior angle 4fc. a.E.D. 

PROP. rV. Thbob. 

The aides abotU the equal angles of equiangular triangles 
are proportionals, and those opposite to the eqttal angles 
are homologous sides, that is, are the antecedents or 
consequents of the ratios. 

Let ABC, DCE, be equiangular triangles, having the 
angle ABC equal to the angle DCE, and the angle ACB 
to the angle DEC, and consequently the angle BAC 
equal to the angle CDE : then the sides about the equal 
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angles of the triangles, ABC, DCE, shall be propor- 
tionals, those being the homologous sides p 
which are opposite to the equal angles. 

Let the triangle DCE be so placed 
that its side CE may be contiguous 
to BC, and in the same straight line 
with it : Then, because the angles ABC, ACB, are 
together less than two right angles, and that the angle 
ACB is equal to the angle DEC, therefore also the 
angles ABC, DEC are less than two right angles, and 
therefore BA, ED, if produced, shall meet ; let them be 
produced and meet in F : Then, because the angle 
ABC is equal to the angle DCE, therefore BE is parallel 
to CD ; and, again, because the angle ACB is equal to 
the angle DEC, therefore AC is parallel to FE : There- 
fore FACD is a parallelogram, and AF is equal to CD, 
and AC to FD : Now, because AC is parallel to FE, 
one of the sides of the triangle FBE, therefore BA is to 
AF as BC to CE : but AF is equal to CD ; therefore 
BA is to CD as BC to CE, and, alternately (tf. 16), AB 
is to BC as DC to CE : Again, because CD is piirallel 
to BF, therefore BC is to CE as FD to DE : but FD 
is equal to AC ; therefore BC is to CE as AC to DE, 
and, alternately, BC is to CA as CE to ED : Lastly, 
because it has been proved that AB is to BC as DC to 
CE, and BC to CA as CE to ED, therefore, ex sequali 
(«. 22), BA is to AC as CD to DE. 

Wherefore f The aides 8^. q.e.d. 



PROP. V. Theor. 
If the sides of two triangles, about each of their angles, he 
proportionals, the triangles shall be equiangular, and hone 
those angles equal which are opposite to homologous sides. 
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Let ABC, DEF, be two triangles, which have their 
sides proportionals, so that AB is to 
BC as DE to EF, and BC to CA as 
EF to FD, and, consequently, ex 
aequali, BA to AC as ED to DF : 
then the triangles ABC, DEF, shall 
be equiangular, and shall have those 
angles equal which are opposite to the homologous 
sides, viz. the angle ABC to the angle DEF, and BCA 
to EFD, and BAC to EDF. 

At the points E, F, in the straight line EF, make the 
angle FEG equal to the angle ABC, and the angle EFG 
to the angle BCA ; therefore also the remaining angle 
EGF will be equal to the remaining angle BAC : 
Therefore the triangle ABC is equiangular to the tri- 
angle GEF, and, consequently (6. 4), they have their 
sides about the equal angles proportionals; therefore 
AB is to BC as GE to EF : But (Hyp,) AB is to BC 
as DE to EF ; therefore (5. 11) DE is to EF as GE to 
EF, and therefore (5. 9) DE is equal to GE : And in 
like manner, DF is equal to GF : Therefore, because, 
in the two triangles DEF, GEF, the two sides DE, EF 
are equal to the two GE, EF, each to each, and the 
base DF to the base GF,— therefore the angle DEF is 
equAl to the angle GEF, and the other angles to the 
other angles to which the equal sides are opposite, 
viz. the angle DFE to the angle GFE, and the angle 
EDF to the angle EGF : And because the angle DEF 
is equal to the angle GEF, and the angle GEF to the 
angle ABC, therefore also the angle ABC is equal to 
the angle DEF : And, for the like reason, the angle 
ACB is equal to the angle DFE, and the angle at A 
to the angle at D : Therefore the triangle ABC is 
equiangular to the triangle DEF. 

Wherefore, If the aides 8ie, q. e. n. 
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PROP. VI. Theob. 

If two trianffles have one tingle of the one equal to one angle 
of the other, and the sides about the equal angles prcpoT' 
tionals, the triangles shall be equiangular, and shall have 
those angles equal which are opposite to the homologous 
sides. 

Let ABC, DEF be two triangles, which have the 
angle BAG of the one equal to the angle £DF of the 
other, and the sides about those angles proportionals, 
that is, BA to AC as ED to DF : then the triangles 
ABC, DEF shall be equiangular, and shall have the 
angle ABC equal to the angle DEF, and the angle ACB 
to the angle DFE. 

At the points D, F, in the straight line DF, make 
the angle FDG equal to either of the angles BAC, EDF, 
and the angle DFG equal to the angle 
ACB ; therefore also the angle at B 
is equal to the angle at G, and the 

triangle ABC is equiangular to the 

triangle DGF: Therefore (6. 4) BA ® o B «^ 
is to AC as GD to DF : But (Hyp,) BA is to AC as 
ED to DF ; therefore GD is to DF as ED to DF, and 
therefore GD is equal to ED : Therefore, because in 
the two triangles GDF, EDF, the two sides GD, DF 
are equal to the two ED, DF, each to each, and the 
angle GDF to the angle EDF — therefore the base GF 
is equal to the base EF, and the triangle GDF to the 
triangle EDF, and the other angles to tiie other angles, 
each to each, to which the equal sides are opposite, 
yiz. the angle DFG to the angle DFE, and the angle at 
G to the angle at E : But the angle DFG is equal to 
the angle ACB ; therefore the angle ACB is equal to 
the angle DFE : And the angle BAC is equal to the 
angle EDF (fl]^.) ; therefore also the angle at B is 



K_^- 



BOOK VI. 195 

equal to the angle at E, and the triangle ABC is equi- 
angular to the triangle DEF. 
Wherefore, Ifttoo triangles 8^. q.e.d. 

PROP. Vn. Theob. 

If two triangles have one angle of the one eqttal to one angle 
of the otJher^ and the sides about ttvo other angles propoT' 
tionaUf then, if each of the remaining angles be either less, 
or not less, than a right angle, or if one of them be a right 
angle, the triangles shaU be equiangular, and shaU have 
those angles equal about which the sides are proportionals. 

Let ABC, DEF be two triangles, which have one angle 
of the one equal to one angle of the other, viz. the angle 
BAC to the angle EDF, and the sides about two other 
angles ABC, DEF, proportionals, viz. AB to BC as DE 
to EF ; and, first, let each of the remaining angles at C, F 
be less than a right angle : then the triangles ABC, DEF 
shall be equiangular, and shall have the angle ABC equal 
to the angle DEF, and the angle at C to the angle at F. 

For, if the angles ABC, DEF be not equal, let ABC be 
the greater, and at the point B, in the a 

straight line AB, make the angle ABG 
equaltothe angle DEF: Then, because 
the angle BAG is equal to EDF, and 
ABG to DEF, therefore the angles AGB,DFE are equal, 
and the triangle ABG is equiangular to DEF : Therefore 
AB is to BG as DE to EF: But {Hyp,) AB is to BC 
as BE to EF ; therefore AB is to BC as AB to BG, and 
therefore BC is equal to BG, and the angle BCG to the 
angle BGC : But BCG is less than a right angle ; there- 
fore also BGC is less than a right angle, and therefore 
AGB must be greater than a right angle : But the angle 
AGB was proved equal to DFE ; therefore also ^JcL^iva:^^ 
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DFE is greater than a right angle: But it is also less 
{Hyp,) — ^which is absurd: Therefore the angle ABC is 
not unequal to DEF, that is, it is equal to it, and the 
angle at C to the angle at F. 

Next, let each of the angles at C, F be 
not less than a right angle : Then, if the 
angle ABC be not equal to DEF, let ABC 
be the greater, and make the angle ABG 
equal to DEF : Then it may be proved, ® 
as before, that BC is equal to BG, and the angle BOG 
to the angle BGC: But BCG is not less than a right 
angle ; therefore also BGC is not less than a right 
angle, that is, two angles of the triangle BCG are together 
not less than two right angles — which is impossible 
(1. 17) : Therefore the angle ABC is equal to the angle 
DEF, and the angle at C to the angle at F. 

Lastly, let one of the angles at C, F, viz. the angle 
at C, be a right angle: Then, if the angle ABC be not 
equal to the angle DEF, it must be either greater or less ; 
in either case, make the angle ABG a d 

equal to DEF : Then, as before, it 
may be shewn that the angle BCG 
is equal to the angle BGC: But ® 
BCG is a right angle ; therefore also BGC is a right 
angle, that is, two angles of the triangle BCG are 
together equal to two right angles — ^which is impos- 
sible: Therefore the angle ABC is equal to the angle 
DEF, and the angle at C to the angle at F. 

Wherefore, If two triangles S^c. q.e.d. 

PROP. VIII. Theob. 
In a right-angled triangle^ if a perpendicular be dravmfrom 
the right angle to the base, the triangles on each side of it 
are similar to the whole triangle, and to one another. 
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Let ABC be a right-angled triangle, haying the right 
angle BAG ; and from the point A, let AB be drawn 
perpendicular to the base BC : the triangles ABB, 
ACD shall be similar to the whole triangle ABC, and 
to one another. 

Because the angle BAC is equal to the angle ADB, 
each of them being a right angle, and that the angle at 
B is common to the two triangles ABC, 
ABB, therefore the third angle ACB is 
equal to the third angle BAB : There- 
fore the triangles ABC, ABB are equi- 
angular, and have the sides about their 
equal angles proportionals (6. 4), that is, they are simi- 
lar (6. Def, 1) : And, in like manner, it may be shewn 
that the triangles ABC, ACB are equiangular and 
similar: Therefore the triangles ABB, ACB, being 
both equiangular and similar to ABC, are equiangular 
and similar to each other. 

Wherefore, In a rigJU-angled triangle S^c, q.e.d. 

Cor. From this it is manifest, that the perpendicular, 
drawn from the right angle of a right-angled triangle 
to the base, is a mean proportional between the seg- 
ments of the base, and also that each of the sides is a 
mean proportional between the base and its segment 
adjacent to that side : For, in the triangles ABB, ACB, 
BB is to BA as BA to BC, and in the triangles ABC, 

ABB, CB is to BA as BA to BB, and in the triangles 

ABC, ACB, BC is to CA as CA to CB. 

m 

PROP. IX. Pbob. 
From a given straight line to cut off any pa/rt required. 

Let AB be the given straight line : it is required to 
cut off any part required from it (tf. Def, 1). 
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From the point A draw a straight line AC, 
making any angle with AB ; and in AC take 
any point D, and take AC the same multiple 
of AD that AB is of the part which is to be 
cut off from it ; join BC, and draw DE pa- 
rallel to it : then AE is the part required. 

For, because ED is parallel to BC, one of the sides of 
the triangle ABC, therefore BE is to EA as CD to DA, 
and, by composition (5. 18), BA is to A£ as CA to 
AD : But CA is a certain multiple of AD ; therefore 
(5. D), BA is the same multiple of AE, that is, what- 
ever part AD is of AC, AE is the same part of AH : 
Wherefore, from the given straight line AB, the part 
required has been cut off. q. e. f. 

PROP. X. Pbob. 
2\> divide a given straight line similarly to a given divided 
straight line^ that is, into parts that shall have the scune 
ratios to one another, which the parts of the given divided 
line have. 

Let AB be the straight line given to be divided, and 
AC the given divided line ; it is required to divide AB 
similarly to AC. 

Let AC be divided in the points D, E ; and let AB, 
AC be placed so as to contain any angle, ^ 
and join BC ; through the points D, E draw y" 
DF, EG parallel to BC, and through D ^ 
draw DHK paraUel to AB : Then each of ^ 
the figures FH, HB is a parallelogram, and 
therefore DH is equal to FG, and HK to GB : Now, 
because HE is parallel to KC, one of the sides of the 
Wangle DKC, therefore KH is to HD as CE to ED: 
^^t KH is equal to BG, and HD to GF ; therefore BO 




BOOK VI. 199 



is to GF as CE to ED : Again, because FD is parallel 
to GE, one of the sides of the triangle AGE, GF is to 
FA as ED to DA : And it has been proved that BG is to 
GF as CE to ED, and GF to FA as ED to DA ; there- 
fore the given straight line AB is divided similarly to 

AC. Q.E.F. 



PROP. XI. Pbob. 
To find a third proportional to ttoo given straight lines. 

Let AB, AC be the two given straight lines, and let 
them be placed so as to contain any angle : it is required 
to find a third proportional to AB, AC. 

Produce AB, AC, to the points D, E, and make BD 
equal to AC ; join BC, and through D draw DE parallel 
to BC : Then, becatise BC is parallel to DE, ^ 
a side of the triangle ADE, therefore AB is to 
BD as AC to CE : But BD is equal to AC ; 
therefore AB is to AC as AC to CE : Where- 
fore, to the two given straight lines AB, AC, 
a third proportional CE has been found, q. e. f. 

PROP. Xn. Prob. 
To find a fourth proportional to three given straight lines. 

Let A, B, C, be three given straight lines : it is 
required to find a fourth proportional to A, B, C. 

Take two straight lines, DE, DF, containing any 
an^e EDF, and in these make 
DG equal to A, GE equal to B, 
and DH equal to C; join GH, 
and through E draw EF parallel 
to GH: Then, becatise GH is 
parallel to EF, one of the sides 
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of the triangle DBF, therefore DO is to 0£ as DHts 
HF : But DG is equal to A, 6£ to B, and BH to C; 
therefore A is to B as C to HF : WlieirefoTe, to lie 
three given straight lines A, B, C, a fourth prqportioail 
HF has been found, q.e.f. 



PROP. xnr. Prob. 

To find a mean proportional between two given 9traight Umei, 

Let AB, BC be the two given straight lines : it is 
required to find a mean proportional — p 

between them. /O^l^ 

Place AB, BC in a straight line, and [y^ \ ^ 
upon AC describe the semicircle ADC \ -^ B C 

from the point B draw BD at right angles to AC, and 
join AD, DC : Then the angle ADC in a semicircle is 
a right angle ; and because in the right-angled triangle 
ADC, DB is drawn from the right angle perpendicular 
to the base, therefore (•. 8. Cor.) DB is a mean pro- 
portional between AB, BC, the segments of the base: 
Wherefore, between the two given straight lines AB, 
BC, a mean proportional DB has been found, q. b. f. 

PROP. XIV. Theob. 
Equal parallelograms, which have one angle of the one equal 
to one angle of the other, have their aides about the Mtal 
angles reciprocally proportional: and parallelograms, 
which have one angle of the one equal to one angle of the 
other, and their sides about the equal angles reciprocallg 
proportional, are equal to one another. 

First, let AB, BC be equal parallelograms, -which 
have the angles at B equal : the sides of the parallelo- 
grams AB, BC about the equal angles shall be recipro- 
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cally proportional, that is, DB shall be to BE as GB to 
BF. 

Let the parallelograms be placed, so that the sides 
DB, BE may be in the same straight line ; then, since 
the angles DBF, EBF are together equal to two right 
angles, and that the angle DBF is equal to the angle 
GBE, therefore the angles GBE, EBF are together 
equal to two right angles, and therefore GB, BF are in 
the same straight line : Complete the parallelogram 
FE : Then, because the parallelogram AB is equal to 
BC, and that FE is another parallelogram, therefore AB 
is to FE as BC to FE : But as AB is to FE as the base 
DB to the base BE, and BC is to FE as 
the base GB to the base BF ; therefore 
DB is to BE as GB to BF. 

Next, let AB, BC be parallelograms, 
which have the angles at B equal and 
the sides about the equal angles reciprocally propor- 
tional, viz. DB to BE as GB to BF : the parallelogram 
AB shall be equal to the parallelogram BC. 

For, the same construction being made, because DB 
is to BE as GB to BF, and that DB is to BE as the 
parallelogram AB to the parallelogram FE, and GB to 
BF as the parallelogram BC to the parallelogram FE, 
therefore AB is to FE as BC to FE, and therefore (5. 9) 
the parallelogram AB is equal to the parallelogram 
BC. 

Wherefore, Equal paratUelograrM Sgc, q.b.d. 

PROP. XV. Theor. 

Eqtial triangles, which have one angle of the one egtml to 
one angle of the other, have their sides about the equal 
angles reciprocally proportional: and triangles, which 
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ADE. and :itj: ABD 3» szixna- afjsisie. 
Gfaerc&ce^ie •^-m*-^.* ABC Ss »tbf : 

ABD : Boi ^le ^-^■^*"f* ABC ss to ^ 

triaiLzie ABD m die bve CA to tiie bue 

AD, and the tziam^ ADE is to tibe tnaii^ ABD « 

die base EA to die base AB ; thereftre C A ii to AD « 

EAtoAB. 

Next, lee ABC, ADE be trian^es, iHtidi bs¥« tiie 
aai^ BAC equal to the wnA DAE, and tbe ada 
abOTit the equal angles reoprocallT propoitiaoa], tis. 
CA to AD as EA tt> AB : the tzian^ ABC shall be 
equal to die triangle ADE. 

For, die same constmetioa being made, because CA 
is to AD as EA to AB, and CA is to AD as the trian^ 
ABC to the triangle ABD, and EA to AB as tbe tri- 
angle ADE to the triangle ABD, therefore the triangle 
ABC is to the triangle ABD as the triangle ADE to tbe 
tiiangle ABD, and therefore (5. 9) the triangle ABC is 
equal to the trian^ ADE. 

Wherefore, Equal triangles i^. a. e. d. 
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PROP. XVI. Theor. 
If four straight lines be proportionals, the rectangle oon- 
tained by the extremes is equal to the rectangle contained 
by the means : and if the rectangle contained by the eX' 
tremes be equal to the rectangle contained by the means, 
the four straight lines are proportionals , 

First, let the four straight lines AB, CD, E, F, be 
proportionals, viz. let AB be to CD as £ to F: the 
rectangle contained by AB and F shall be equal to the 
rectangle contained by CD and E, 

From the points A, C, draw AG, CH at right angles 
to AB, CD ; make AG equal to F, and CH equal to E ; 
and complete the parallelograms BG, DH : Then, be- 
cause AB is to CD as E to F, and that E is equal to 

CH and F to AG, therefore AB is to ^ 

CD as CH to AG, that is, the sides p 
of the parallelograms BG, DH about a 
the equal angles, are reciprocally pro- 
portional, and therefore (6. 14) the 
parallelogram BG is equal to the 
parallelogram DH : But the parallelogram BG is con- 
tained by the straight lines AB andF, because AG is equal 
to F, and the parallelogram DH is contained by CD and 
E, because CH is equal to E ; therefore the rectangle 
contained by AB and F is equal to the rectangle con- 
tained by CD and E. 

Next, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and E : then 
these four lines shall be proportionals, viz. AB shall be 
to CD as E to F. 

For, the same construction being made, because the 
rectangle AB, F, is equal to the rectangle CD, E, and 
that the rectangle BG is contained by AB and F, because 
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AG is equal to F, and the rectangle DH by CD and £, 
because CH is equal to £, therefore the parallelognan 
BG is equal to the parallelogram DH : And they are 
equiangular: But (•. 14) the sides about tbe equal 
angles of equal parallelograms are reciprocally propor- 
tional; therefore, AB is to CD as CH to AG: And 
CH is equal to £, and AG to F ; therefore AB is to 
CD as E to F. 

Wherefore, If four straight lines Sgc, q. e. d. 

PROP. XVn. Theob. 
If three straight lines be proportionals^ the rectangle eon- 
tained by the extremes is equal to the square of the mean: 
andf if the rectangle contained by the extremes be eguai to 
the square of the mean, the three straight lines are pro- 
portionals. 

First, let the three straight lines A, B, C be propor- 
tionals, viz. A to B as B to C : the rectangle contained 
by A and C shall be equal to the square of B. 

Take D equal to B : Then, because A is to B as B 
to C, and that B is equal to D, therefore A is to B as B 
to C : But, if four straight lines be proportionals, the 
rectangle contained by the extremes is equal to the 
rectangle contained by the means ; j^ 

therefore the rectangle A, C, is B 

equal to the rectangle B, D : But c—-" 
the rectangle B, D is the square of 
B, because B is equal to D ; there- 
fore the rectangle A, C is equal to '^ " 
the square of B. 

Next, let the rectangle contained by A, C be equal to 
the square of B : A shall be to B as B to C. 

For, the same construction being made, because the 
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rectangle A, C is equal to the square of B, and that the 
square of B is equal to the rectangle B» D, because B is 
equal to D, therefore the rectangle A, C is equal to the 
rectangle B, D : But (•. 16) if the rectangle contained 
by the extremes be equal to that contained by the means, 
the four straight lines are proportionals ; therefore A is 
to B as D to C : But B is equal to D ; therefore A is 
to B as B to C. 

Wherefore, If three straight lines Sgc, q. e. d. 

PROP. XVIII. Prob. 

Upon a given straight line to describe a rectilineal figure^ 
similar and similarly situated to a given rectilineal 
figxire. 

Let AB be the given straight line, and CDEF the 
given rectilineal figure of four sides : it is required to 
describe upon the given straight line AB, a rectilineal 
figure, similar and similarly situated to CDEF. 

Join DF, and at the points A, B, in the straight line 
AB, make the angle BAG equal to the angle DCF, and 
the angle ABG to the angle CDF ; therefore also the 
remaining angle CFD is equal to the remaining angle 
AGB, and the triangle CFD is equiangular to the tri- 
angle AGB : Again, at the points 
B, G, in the straight line BG, 
make the angle GBH equal to the 
angle DF£, and the angle BGH 
to the angle DFE ; therefore the 
remaining angle DEF is equal to the remaining angle 
BHG, and the triangle DEF is equiangular to the tri- 
angle BHG : Then, because the angle AGB is equal 
to the angle CFD, and the angle BGH to the angle 
DFE, therefore the whole angle AGH is equal to Uie 
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whole angle CFE : In like manner, the angle ABH is 
equal to the angle CDE : And the angle BAO is equal 
to the angle DCF, and the angle BHG to DEF: 
Therefore the rectilineal figure ABHG is equiangular 
to CDEF : Also these figures have their sides ahout 
the equal angles proportionals : For, because the tri- 
angles BAG, DCF are equiangular, therefore BA is to 
AG as DC to CF (•. 4) : Again, for the like reason, 
AG is to GB as CF to FD, and GB to GH as FD to 
FE ; therefore, ex aequali, AG is to GH as CF to FE : 
In like manner, it may be proved that AB is to BH as 
CD to DE : And GH is to HB as FE to ED : There- 
fore the figures ABHG, CDEF are equiangular, and 
have their sides about the equal angles proportionals : 
"Wherefore (6. Def, 1) they are similar to one another. 

Next, let it be required to describe, upon the giyen 
straight line AB, a rectilineal figure similar, and simi- 
larly situated, to the rectilineal figure CDKEF. 

Join DE, and upon the given straight line AB 
describe, as in the former case, the rectilineal figure 
ABHG, similar, and similarly situated, to the quadri- 
lateral figure CDEF ; and at the points B, H, in the 
straight line BH, make the angle HBL equal to the 
angle EDK and the angle BHL equal to the angle 
DEK — therefore also the remaining angle at L will be 
equal to the remaining angle at K : Then, because the 
figures ABHG, CDEF are similar, the angle BHG is 
equal to the angle DEF : But the angle BHL is equal 
to the angle DEK ; therefore the whole angle GHL is 
equal to the whole angle FEK : Similarly, the angle 
ABL is equal to the angle CDK : Therefore the five- 
sided figures ABLHG, CDKEF are equiangular : Also 
because the figures ABHG, CDEF are similar, there- 
fore AB is to BH as CD to DE : But (e. 4) BH is to 
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£L as DE to DK ; therefore, ex equali, AB is to BL as 
CD to DK : In like manner, GH is to HL as FE to 
EK : and (6. 4) BL is to LH as DK to KE : Therefore 
the figures ABLHG, CDKEF are equiangular, and 
have their sides about the equal angles proportionals : 
"Wherefore they are similar to one another : And, in like 
manner, upon a given straight line may be described 
a rectilineal figure, similar, and similarly situated, to a 
given rectilineal figure of six sides ; &c. q. e.f. 

PROP. XIX. Theob. 

Similar triangles are to one another in the du^icate ratio 

of t?ieir homologotts sides. 

Let ABC, DEF be similar triangles, having the angle 
at B equal to the angle at E, and let AB be to BC as DE 
to EF, so that the side BC is homologous to EF : the 
triangle ABC shall be to the triangle DEF in the 
duplicate ratio of BC to EF. 

Take BG a third proportional to 
BC, EF (e. 11), so that BC may 
be to EF as EF to BG, and join 

AG : Then, because AB is to BC 

as DE to EF, therefore, alternately B O CB F 
(5. 16), AB is to DE as BC to EF : But BC is to EF 
as EF to BG ; therefore AB is to DE as EF to BG, 
that is, the sides of the triangles ABG, DEF, about 
their equal angles, are reciprocally proportional, and 
therefore (•. 15) the triangle ABG is equal to the tri- 
angle DEF : And because BC is to EF as EF to BG, 
therefore (5. Def. 10) BC is to BG in the dupUcate 
ratio of BC to EF : But, as BC to BG, so is the tri- 
angle ABC to the triangle ABG ; therefore the triangle 
ABC is to the triangle ABG in the duplicate ratio of 
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BC to EF: But the triangle ABG is equal to tl 
triangle DBF ; therefore also the triangle ABC is to tl 
triangle DBF in the duplicate ratio of BC to EF. 

WTierefore, Similar triangle kc, q.e.d. 

Cor. K three straight lines be prop ortionals, as tl 
first is to the third, so is any triangle upon the first i 
a similar and similarly described triangle upon tl 
second. 



PROP. XX. Theor. 

Similar polygons may be divided into the same number i 

similar triangles, having the same ratio to one anoth 

tfuU the polygons have; and the polygons are to on 

another in the duplicate ratio of their homologous sides. 

Let ABCDE, FGHKL be similar polygons, and I 
AB be the side homologous to FG : the polygoi 
ABCDE, FOHKL may be divided into the same nun 
ber of similar triangles, whereof each to each has tl 
same ratio which the polygons have to one anothei 
and the polygon ABCDE is to the polygon FGHKL : 
the duplicate ratio of AB to FG. 

Join BE, EC, GL, LH : Then, because the polygc 
ABCDE is similar to the polygon FGHKL, the ang 
BAE is equal to the angle GFL, and B A is to AE 
GF to FL (e. Def, 1) : Therefore the triangles AB: 
FGL have one angle of the one equal to one angle 
the other, and the sides about the equal angles propo 
tionals, and therefore they are equiangular (•. 6), ai 
therefore (•. 4) similar to one another ; therefore tl 
angle ABE is equal to the angle FGL : But, becau 
the polygons are similar, the whole angle ABC is equ 
to the whole angle FGH ; therefore the remaining ang 
EBC is equal to the remaining angle LGH : Aj 
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because the triangles ABE, FGL are similar, EB is to 
AB as LG to FG, and also, because the polygons are 
similar, AB is to BC as FG to 
GH; therefore, ex sequali, EB 
is to BC as LG to GH, that is, 
the triangles EBC, LGH, have 
the sides about their equal angles 
proportionals, and therefore they are equiangular and 
similar to one another: In like manner, it may be 
shewn that the triangle ECD is similar to the triangle 
LHK: Therefore the similar polygons ABODE, FGHKL 
may be divided into the same nimiber of similar tri- 
angles. 

Also these triangles have, each to each, the same 
ratio which the polygons have to one another, the 
antecedents being ABE, EBC, ECD, and the con- 
sequents FGL, LGH, LHK : and the polygon ABCDE 
is to the polygon FGHEIi in the duplicate ratio of AB 
to EG. 

For, because the triangle ABE is similar to the tri- 
angle FGL, therefore (6. 19) ABE is to FGL in the 
duplicate ratio of EB to LG : For the like reason, the 
triangle EBC is to the triangle LGH in the duplicate 
ratio of EB to LG : Therefore the triangle ABE is to 
the triangle FGL as the triangle EBC to the triangle 
LGH : In like manner, the triangle EBC is to the 
triangle LGH as the triangle ECD to the triangle 
LHK : Therefore the triangle ABE is to the triangle 
FGL as the triangle EBC to the triangle LGH and as 
the triangle ECD to the triangle LHK : But (5. 12) as 
one of the antecedents is to one of the consequents, so 
are all the antecedents to all the consequents ; therefore, 
as the triangle ABE to the triangle FGL, so is the 
polygon ABCDE to the polygon FGHKL i But the 
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triangle ABE is to the triangle FGL in the dnplictfe 
ratio of AB to F6 ; therefore also the polygon ABCDE 
is to the polygon FGHKL in the duplicate ratio of AB 
to FG : And, in like manner, it may be proved, that 
similar figures of any number of sides mare than three 
are to one another in the duplicate ratio of thdr hcMno- 
logous sides ; and it has already been prored (•. 19) in 
the case of triangles. 

Wherefore, universally. Similar polygons Sfc. 

Cob. If to AB, FG, a third proportional M bs taken, 
then (5. Def. 10) AB will be to M in the duplicate 
ratio of AB to FG : But any rectilineal figure upon 
AB will be to a similar and similarly described figure 
upon FG in the duplicate ratio of AB to FG : There- 
fore, as AB to M, so is the figure upon AB to the 
figure upon FG, as was before proved in the case of 
triangles (•. 19. Cor,) : Therefore, universally, if three 
straight lines be proportionals, as the first is to the 
third, «o is any rectilineal figure upon the first to a 
similar and similarly described rectilineal figure upon 
the second. 



PROP. XXI. Theor. 

Rectilineal Jigurea^ which are similar to the same rectilineal 
figure^ are also similar to one another, 

liCt each of the rectilineal figures A, B, be similar to 
the rectilineal figure C : the figure A is similar to the 
figure B. 

Because A is similar to C, they are equiangular, and 
have their sides about the equal 
angles proportionals (6. Def, 1 ) : TV y^ 
Again, because B is similar to C, / ^ \ x °V 
they arc equiangular, and have their 
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sides about the equal angles proportionals: Therefore 
the figures A, B are each of them equiangular to C, and 
have the sides about the equal angles of each of them, 
and of C, proportionals : Therefore the figures A and 
B are equiangular, and have their sides about the equal 
angles proportionals; and therefore the figure A is 
similar to the figure B. 
Wherefore, Rectilineal Jifft4res S^. q.b.d. 



PROP. XXn. Thbor. 
If /our straight lines be proportionals, and similar rectili- 
neal ^figures be similarly described upon the first and 
second, and also upon the third and fourth, these sh'tU 
also be proportionals : and if the similar rectilineal figures 
similarly described upon the first and second, and also 
upon the third and fourth, of four straight lines be pro- 
portionals, those straight lines sJiaU also be proportionals. 

First, let the four straight lines AB, CD, EF, OH be 
proportionals, viz. AB to CD as EF to GH ; and upon 
AB, CD let the similar rectilineal figures KAB, LCD 
be similarly described, and upon EF, GH the similar 
rectilineal figures MF, NH : the figure KAB shall be 
to the figure LCD as the figure MF to the figure NH. 

To AB, CD, take a third proportional X, and to EF, 
GH, a third proportional O : Then, because AB is to 
CD as EF to GH, and that AB is to CD as CD to X, 
and EF to GH as GH to O, therefore (5. 11) CD is to 
X as GH to O : And AB is to CD as EF to GH ; 
therefore, ex sequali, AB ^^ 

is to X as EF to O : But, ^y\ *f 

as AB to X, so is the j^ — A ^—^ -^ 

figure KAB to the figure Mr v jf g — ^ 

LCD (e. 20, Cor.), and \ \ \__\ _o_ V_\ 

as EF to O, 80 is the ^ ran b ^ 
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figure MF to the figure NH ; therefore the figure KAB 
is to the figure LCD as the figute MF to the figure NH. 

Next, let the figure KAB be to the figure LCD as the 
figure MF to the figure NH : then AB shall be to CD 
as EF to GH. 

Make (e. 12), as AB to CD, so £F to PR ; and upon 
PR (•. 18) describe the rectilineal figure SR, similar 
and similarly sitiiated to either of the figures MF, NH: 
Then, because AB is to CD as £F to PR, and that upon 
AB, CD are described the similar and similarly situated 
figures KAB, LCD, and upon £F, PR, the similar and 
similarly situated figures MF, SR, therefore KAB is to 
LCD as MF to SR : But {Hyp,) KAB is to LCD as 
MF to NH ; therefore MF is to SR as MF to NH, and 
therefore the figures SR, NH, are equal : But they are 
also similar, and similarly situated; therefore PR is 
equal to GH : And, because AB is to CD as £F to 
PR, and that PR is equal to GH, therefore AB is to 
CD as EF to GH. 

Wherefore, If four straight lines S^, q. b, d. 

PROP. XXni. Theob. 

EquiangtUar parallelograms are to one another in the ratio 

which is compounded of the ratios of their sides. 

Let AC, CF be equiangular parallelograms, having 
the angle BCD equal to the angle ECG : the parallelograin 
AC shall be to the parallelogram CF in the ratio which 
is compounded of the ratios of their sides. 

Lot BC, CG be placed in a straight line ; therefore 
DC and CE will be also in a straight line : complete the 
parallelogram DG, and, taking any straight line SL, 
make (e. 12) K to L as BC to CG, and L to M as DC 
to C£ ; then the ratios of K to L and L to M are the 
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same as the ratios of the sides, viz. of BC to CG and 
DCtoCE: But the ratio of K to M (5. De/. A) is that 
which is said to be compounded of the ratios of K to L 
and L to M ; therefore also the ratio of K to M is the 
ratio compoimded of the ratios of the sides : Now the 
parallelogram AC is to the parallelogram 
CH as BC to CG ; but BC is to CG as 
K to L ; therefore also the parallelogram 
AC is to the parallelogram CH as K to 
L : Again, the parallelogram CH is to the 
parallelogram CF as DC to CE ; but DC 
is to CE as L to M; therefore also the 
parallelogram CH is to the parallelogram CF as L to 
M : Since, then, it has been proved that the parallelo- 
gram AC is the parallelogram CH as K to L, and the 
parallelogram CH to the parallelogram CF as L to M, 
therefore, ex sequali, the parallelogram AC is to the 
parallelogram CF as K to M ; But K is to M in the 
ratio which is compounded of the ratios of the sides ; 
therefore also the parallelogram AC is to the parallelo- 
gram CF in the ratio which is compounded of the ratios 
of the sides. 

Wherefore, Equiangtdar parallelograms S^c, q.e.d. 

PROP. XXIV. Theor. 

The parallelograms f which are abotU the diameter of any 
parallelogram, are similar to the whole and to one 
another. 

Let ABCD be a parallelogram, of which the diameter 
is AC, and EG, HK the parallelogr^ims about the 
diameter : the parallelograms EG, HK shall be similar 
to the whole parallelogram ABCD, and to one another. 

For, because DC, GF are parallels, the angle ADC is 
equal to the angle AGF : For the like reason, because 
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BC, EF are parallels, the an^ ABC is equal to tlie 
angle AEF : And each of the angles BOB, EFO k 
equal to the opposite angle BAD, and therefive to one 
another : Therefore the parallelograms ABCD, AEF6 
are equiangular : And because the angle ABC Is equal 
to the angle AEF, and the angle BAC commoii to the 
two triangles BAC, EAF, therefore they are equiangu- 
lar and similar to one another, and AB is to BC as AB 
to EF : But the opposite sides of paraUelogranis are 
equal to one another ; therefore AB is to 
AD as AE to AG, and CD to CB as FG '^ 
FE,andCDtoDAa8FGtoGA: There- 
fore the parallelograms ABCD, AEF6 
have the sides about their equal angles •■'•■' ^ 
proportionals, and are therefore similar to one another: 
For the same reason the parallelograms ABCD, FHCK 
are similar to one another: Therefore each of the 
parallelograms EG, HK is similar to BD, and therefixre 
(6. 21) the parallelogram EG is similar to the paral- 
lelogram EH. 
Where£oire, The paralleloffranu S^. a.E.i>. 

PROP. XXV. Prob. 
To describe a rectilineal figure which aJiaU he nmUar to one 
given rectilineal figure and equal to another. 

Let ABC be the given rectilineal figure to which the 
figure to be described is to be similar, and D that to 
which it is to be equal : it is required to describe a 
rectilineal figure, similar to ABC and equal to D. 

Upon BC describe the parallelogram BE equal to the 
figure ABC, and upon CE describe the parallelogram 
CM equal to D, and having the angle FCE equal to the 
angle CBL ; therefore BC and CF will be in the same 
•traight line, as also LE and EM : between BC and CF 
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find a mean proportional GH (6. 13), and upon GH 
describe the rectilineal figure KGH, similar and simi- 
larly situated to the figiire ABC (6. 18) : Then, be- 
cause BC is to GH as GH to CF, and that, if three 
straight lines be proportionals, as the first is to the 
third, so is any figure upon the first to a similar and 
similarly described figure upon the second, therefore, as 
BC to CF, so is the figure ABC to the figure KGH : 
But, as BC to CF, so is the parallelogram BE to the 
parallelogram EF ; therefore the 
figure ABC is to the figure KGH /\ i -^ i 
as the parallelogram BE to the / \c j /s. 
parallelogram EF : And the figure ^ } | ^ \ 

ABC is equal to the parallelogram ^ B Jl 
BE ; therefore (5. 14) the figure KGH is equal to the 
parallelogram EF : But the parallelogram EF is equal 
to the figure D ; therefore also the figure KGH is equal 
to the figure D, and it is similar to ABC : Therefore 
the rectilineal figure KGH has been described, similar 
to the figure ABC and equal to D. q.e.f. 

PROP. XXVI. Theor. 

If ttoo similar parallelograms have a common angle and be 

aimiUarly aituatedf they are abottt the same diameter. 

Let the parallelograms ABCD, AEFG be similar and 
similarly situated, and have the common angle BAD : 
ABCD and AEFG shall be about the same diameter. 

For, if not, let, if possible, the parallelogram BD have 
its diameter AHC in a different straight 
line firom AF, the diameter of the paral- 
lelogram EG ; let GF meet AHC in H, i' 
and through H draw HK parallel to AD 
or BC : Then the parallelograms ABCD, ^ 




AKHO, being about the same diameter, are i 
one another (•. 24) ; tbereCbce DA ii to AS i 
AK: But, because ABCD and AEFG an 
parallelogramB, DA ia to AB as GA to AB : 1 
GA is to AK as GA to AE, and, consequent] 
AK U equal to AE, the less to the greatei 
ii impoesible : Therefore the paiBllelograms 
AEFO cannot but have their diameters in t 
■traigbt line, that is, they are about the same di 
Wherefore, If Iteo timilar $c. a. b. d. 

PROP, xxvn:— XXIX. 



PROP. XXX. Phob. 
To cut a girtn itraigbt litu in extretat and ntean 
Let AB be the given straight line : it is req 
cut it in extreme and mean ratio. 

Divide AB in the point C, so that the rectan 
tained by AB, BC, may be equal to the square 
of AC (2. 11) : Then, because the rectangle 
AB, BC is equal to the square of AC, therefore 
AB ia to AC as AC to CB : therefore (6. D^ 
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PROP. XXXI. THHoa. 
In any risht-angUd triangle, any rectilineal figure c 

upon the aide aublending tie right angle ii epu 

timilar and limilarly liiaated figures upon the ei 

iaining the right angle. 

Let ABC be a right-angled triangle, having tt 
angle BAC, and upon AB. AC, BC let any siioi 
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similarly situated figures be described : the figure upon 
BC shall be equal to the similar and similarly situated 
figures upon BA^ A(X 

Draw the perpendicular AB : Then, because in the' 
right-angled triangle ABC, AB is drawn, from the 
right angle at A, perpendicular to the base BC, there- 
fore (6. 8) the triangles ABB, ABC are similar to the 
whole triangle ABC, and to one another : And because 
the triangle ABC is similar to the triangle ABB, there- 
fore CB is to B A as B A to BB : But when three straight 
lines are proportionals, as the first is to the third, so 
is any figure upon the first to the similar and similarly 
described figure upon the second (6. 20. Cor,) ; therefore 
as CB to BB, so is the figure upon CB to the similar 
and similarly situated figure upon BA, and inTersely« 
as BB to BC, so is the figure upon 
BA to the figure upon BC : In like 
manner, as CB to CB, so is the 
figure upon CA to the figure upon 
CB : Therefore {5. 24) as BB and 
CB together to BC, so are the 
figures up<m BA, AC together to the figure upon BC : 
But BB and CB together are equal to BC ; therefore 
(5. A.) the figure upon BC is equal to the flimilar and 
similarly situated figures on BA, AC. 

Wherefore, In any right-angled triangle %c. a.E.i>. 



PROP. XXXIL THBom. 

(f t%M trianfflest which have two aides of the one propor- 
tional to two aides of t?ie other , he joined at one angle^ so 
as to have their homologous sides parallel to one another^ 
the remaining sides shall be in a straight line. 
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Let ABC, DCE be two triangles which have the two 
sides BA, AC proportional to the two CD, D£, viz. BA 
to AC as CD to D£, and let AB be parallel to DC, and 
AC to D£ : then BC and C£ shall be in a straight line. 

For, because AB is parallel to DC, and AC meets 
them, the alternate angles BAC, 
ACD are equal: but, for the 
like reason, the angle ACD is 
equal to the angle CDE; there- 
fore also the angle BAC is equal 
to the angle CDE : And because 
the triangles ABC, DCE have the angle at A equal to 
the angle at D, and the sides about the equal angles 
proportionals, therefore (6. 6) the triangle ABC is 
equiangular to the triangle DCE, and the angle ABC 
is equal to the angle DCE : But the angle BAC was 
proved equal to the angle ACD ; therefore the angles 
ABC, BAC are together equal to the angle ACE : To 
each of these equals add the angle ACB ; then the 
angles ABC, BAC, ACB are together eqtial to the 
angles ACB, ACE ; But ABC, BAC, ACB are to- 
gether equal to two right angles; therefore also the 
angles ACB, ACE are together equal to two right 
angles, and therefore BC and CE are in a straight line. 

Wherefore, If two trianglea Sgc, q. b. d. 

PROP. XXXIII. Theok. 
In equal circleSf angles^ whetlier at the centres or circum' 
ferencest have the same ratio which the circumferences on 
which they stand have to one another : and so also haiss 
the sectors. 

Let ABC, DEF be equal circles, and let BGC, EHF 
bo angles at their centres, and BAC, £DF angles at 
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their circumferences : as the circumference BC to the 
circumference EF, so shall the angle BGC be to the 
angle EHF, and the angle BAG to the angle EDF ; 
and so also shall the sector BGC be to the sector EHF. 
Take any number of circumferences CK, KL, each 
equal to BC, and any nimiber whatever FM, MN, each 
equal to EF ; and join GK, GL, HM, HN : Then, 
because the circumferences BC, CK, KL are all equal, 
the angles BGC, CGK, KGL are also equal ; and there- 
fore, whatever multiple the circumference BL is of the 
circimiference BC, the same is the angle BGL of the 
angle BGC : In like manner, whatever multiple the 
circumference EN is of the circumference EF, the same 
is the angle EHN of the angle EHF : Now, if the cir- 
cimiference BL be equal 
to the circimiference EN, 

the angle BGL is also ( \\^c:^ ) ( \\ 1---^^ 
equal to the angle EHN, 
and if greater, greater, 

and if less, less : But B c ^ f 

the circumference BL and the angle BGL are any eqid- 
multiples of the circimiference BC and angle BGC, 
and the circimiference EN and the angle EHN are any 
equimultiples of the circumference EF and the angle 
EHF ; therefore (5. Def, 6) as the circumference BC is 
to the circumference EF, so is the angle BGC to the 
angle EHF : But as the angle BGC is to the angle 
EHF, so is the angle BAC to the angle EDF (5. 16), 
for each is double of each ; therefore, as the circum- 
ference BC is to the circumference EF, so is the angle 
BGC to the angle EHF, and the angle BAC to the 
angle EDF. 

Also, as the circumference BC is to the circumference 
EF, so shall the sector BGC be to the sector EHF. 
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Join BC, CK, and in the circumferences BC, CK 
take any points X, O, and join BX, XC, CO, OK: 
Then, because in the triangles BGO, CO£, the two 
sides BG, GO are equal to the two CG, GSI, each to 
each, and that they contain equal angles — ^therefore the 
base BC is equal to the base CK, and the triangle BGC 
to the triangle CGK : And, because the circumference 
BC is equal to the circumference CK, the remaining 
part of the whole circumference, when BC is taken from 
it, is equal to the remaining part of the same circum- 
ference, when CK is taken from it : Therefore (3. 27) 
the angle BXC is equal to the angle COK, and the seg- 
ment BXC is therefore similar to the segment CC^: 
But they are upon equal straight lines BC, CK ; tliere» 
fore the segment BXC is equal to the segn^irtOOK : And 
the triangle BGC is equal to the triangle CGK ; l&erefore 
the whole, ihe sector BGC, is equal to the whole, the 
sector CGK : In like manner, the sector £OL is equal 
to each of the sectors BGC, CGK, and so also the 
sectors EHF, FHM, MHN may be proved equal to one 
another : Therefore, whatever multiple the circmn- 
ference BL is of the circumference BC, the same is the 
sector BGL of the sector BGC ; and whatever multiple 
the circumfference EN is 
of the circumference EF, '^ 
the same is the sector 
EHN of the sector EHF : 
Now, if the circumference 
BL be equal ]to the cir- 
cumference EN, the sec- 
tor BGL will be equal to the sector EHN, and if 
greater, greater, and if less, less : But the circumference 
BL and the sector BGL are any equimultiples of the 
circumference BC and the sector BGC, and the droum- 
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ference EN and the sector EHN are any equimultiples 
of the circumference EF and the sector EHF ; therefore, 
as the circumference BC is to the circumference EF, 
so is the sector BGC to the sector EHF. 
Wherefore, In equal circles S^c, q. e. d. 

PROP. B. Theob. 
If the vertical angle of a triangle be bisected by a straight 
line which likewise cuts the base, the rectangle contained 
by the sides of the triangle shall be equal to tJie rectangle 
contained by the segments of the base, together with tJie 
square of the straight line bisecting t?ie angle. 

Let ABC be a triangle, and let the angle BAG be 
bisected by the straight line AD, which cuts the base 
BC in D : the rectangle BA, AC shall be equal to the 
rectangle BD, DC, together with the square of AD. 

About the triangle describe the circle ABC, and pro- 
duce AD to the circumference in E, and join EC : 
Then, because the angle BAD is equal to the angle 
CAE, and the angle ABD to the angle AEC, (being 
angles in the same segment of a circle,) the triangles 
ABD, AEC are equiangular to one 
another : Therefore BA is to AD as 
EA to AC ; and therefore (6. 16) the 
rectangle BA, AC is equal to the 
rectangle EA, AD, that is (2. 3) to 
the rectangle ED, DA, together with 
the square of AD : But the rectangle 
ED, DA is equal to the rectangle BD, DC (3. 35) ; 
therefore the rectangle BA, AC is equal to the rect- 
angle BD, DC, together with the square of AD. 

'Wherefore, If the vertical angle ^. q.e.d. 

u3 
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PROP. C. Thbob. 
Jffrom any angle of a triangle a straight line be dnnm 
perpendictUar to the hate, tJie rectangle contained by the 
tides of the triangle is equal to the rectangle ooniamed bg 
the perpendicular and the diameter of the circle deteribed 
about the triangle^ 

Let ABC be a trian^^ and let AD be the pezpendi- 
cular from the angle A to the base BC : the rectan§^ 
BA, AC shall be equal to the rectangle contained by 
AD and the diameter of the circle described about the 
triangle. 

About the triangle describe the circle ABC, and 
draw the diameter AE, and join EC : 
Then, because the right angle BD A is 
equal to the angle EC A in a semicircle, 
and the angle A6D to the angle AEC 
in the same segment, therefore the tri- 
angles ABD, AEC are equiangular: 
Therefore BA is to AD as EA to AC, 
and therefore the rectangle BA, AC is equal to the 
rectangle EA, AD. 

Wherefore, If from any angle Sjc, q.e.d. 



PROP. D. Theob. 
The rectangle, contained by the diagonals of a quadrilateral 
inscribed in a circle, is equal to the sum of the rectangles 
contained by its opposite sides. 

Let ABCD be any quadrilateral inscribed in a circle, 
and join AC, BD : the rectangle contained by AC, BD 
is equal to the two rectangles, contained by AB, CD, 
and by AD, BC. 
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Make the angle ABE equal to the angle DBC : Then, 
because the angle ABE is equal to 
the angle DBC, and the angle BAK 
to the angle BDC in the same seg- 
ment, the triangle ABE is equiangu- 
lar to the triangle DBC : Therefore 
BA is to AE as BD to DC, and 
therefore the rectangle AB, CD is 
equal to the rectangle BD, AE : Again,, because the 
angle ABE is equal to the angle DBC, to each of these 
add the angle EBD ; therefore the angle ABD is equal 
to the angle EBC : And the angle BDA is equal to the 
angle BCE in the same segment ; therefore the triangle 
ABD is equiangular to the triangle EBC : Therefore 
AD is to DB as EC to CB, and therefore the rectangle 
AD, BC is equal to the rectangle BD, EC : But the 
rectangle AB, CD has been proved equal to the rect- 
angle BD, AE ; therefore (2. 1) the whole rectangle 
BD, AC is equal to the two rectangles AB, CD and 
AD, BC. 

Wherefore, 7^ rectangle Sjc. q.b.d. 
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1. The rectangle contained by two lines is a mean 
proportional between their squares. 

2. A quadrilateral is such that the perpendiculazs 
upon a diagonal from opposite angles are equal : divide 
it into four equal triangles by lines drawn to the BngJieM 
from a point within it. 

3. From one angle of a triangle a line is drawn to tiie 
bisection of the opposite side, and through its middk 
point another is drawn from either angle to the side 
subtending it: prove that this side is diyided in the 
ratio of 2 to 1. 

4. Through a given point draw a line so that» if 
perpendiculars be dropped upon it from two other giyen 
points, the parts intercepted between the g^yen point 
and the feet of the perpendiculars may be equal. 

5. If any three equal lines be drawn from, the an^es 
of a triangle to the opposite sides or these produced, 
and from any point witnin it lines parallel to these be 
drawn to the sides, the sum of these latter lines shall 
be equal to either of the former. 

6. If three circles touch each other, two of which are 
equal, t^e vertical angle of the triangle, formed by 
joming the points of contact, is equal to the angle at 
the base of the isosceles triangle, formed by joining the 
three centres. 

7. ABC is an equilateral trianrie, E any point in 
AC ; in BC produced take CD, CF ecjual to CA, CB, 
respectively, and let AF, DE, intersect m H : shew that 

H^:E^::AC:AC^EC, 
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8. The diagonals, AC, BD, of an inscribed quadrila- 
teral meet in E : shew that AB.BC : AD.DC::BE:ED. 

9. If a square be inscribed in a rieht-angled triangle, 
one side coinciding with the hypo&enuse, the base is 
divided in continued proportion. 

10. If ABC be an inscribed triangle, and BB be 
drawn parallel to the tangent at A to- meet AC, or AC 
produced, shew that AB is a mean proportional between 
AC, AD. 

11. ABisdividedinC,D,sothatAB:AC::AC:AD; 
if AE be any oth^ line taken equal to AC, shew that 
the angle BED is bisected by EC. 

12. The part of a tangent to a circle, intercepted by 
tangents at the extremities of any diameter, is divided at 
the point of contact so that the radius is a mean pro- 
portional between the two segments. 

13» If two chords in a circle intersect so that the 
segments, of one have the same ratia as those of the 
other, the line bisecting the angle between homologous 
segments will pass through the centre of the cirde. 

14. If a triangle be inscribed in a semicircle, and 
a perpendicular be drawn from any point in the diame- 
ter, meeting the circumference and the other two sides, 
the three segments of it thus made will be in continued 
proportion. 

15. If the diagonals of an inscribed quadrilateral 
intersect at right angles, the rectangles of the opposite 
sides are togeuier double of the area of the figure. 

16. If chords, drawn from any fixed point in the 
circimiference of a circle, be cut by another chord, 
parallel to the tangent at that poiat, the rectangle 
of each chord and the part of it between the given 
point and given chord is constant. 

17. If in similar triangles, from any two equal angles, 
lines be drawn to the opposite sides, making equal 
angles with homologous sides, these will have the same 
ratio as the sides on which they fteJl, and will also 
divide them proportionally. 
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18. Apply Prop. ii. to shew how a line may be 
drawn tmrough a given point, parallel to a given Une* 
by means of a piece of string. 

19. In an^ triangle, ri|^t-angled at A, if CD be 
drawn bisecting the angle G, shew that 

AB:AC::BC-AC:AD. 

20. If two circles touch externally, the part of Iheii 
common tangent between the points of contact is t 
mean proportional between the diameters. 

21. Given the lengths of three lines, drawn firan 
the angles to the points of bisection of the opposite 
sides, to construct tne triangle. 

22. Inscribe a square in a given segment of a dxcle. 

23. Find the locus of points dividing in a given ratio 
lines drawn from a given point to meet a given circle. 

24. Given two circles which intersect, draw throng^ 
either point of intersection a line cutting the circles, so 
that the chords intercepted may be in a g^ven ratio. 

25. Inscribe in a given triangle a parallelogram 
similar to a given parallelogram. 

26. If through the vertex and extremities of the base 
of a triangle any two circles be described so as to inter- 
sect in the base or base produced, their diameters wOl 
be proportional to the respective sides. 

27. If any two lines which intersect are cut by two 
given lines, the ratio of the rectangles of their respec- 
tive segments will be the same as that for any other 
two lines, drawn parallel to them, and cut by the same 
given lines. 

28. A, B, are the centres of two unequal circles, 
AP, BQ, any pair of parallel radii : shew that PQ 
passes through a fixed point, whose distances from the 
centres ore proportional to the respective radii ; and 
hence deduce a method of drawing a common tuigent 
to two circles. 
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29. If through, the fixed point in [28] <my line be 
drawn cutting the circles, the radii at the points of 
section will be parallel, and the intercepted chords pro- 
portional to them. 

30. If through the fixed point in [28] any two lines 
be drawn cutting the circles, the cnords ioining cor- 
responding points of section will be parallel ; and, of 
the eight points of section, any four lie in the circum- 
ference of a circle, proyided that no two of them be 
homologous points, nor at once in the same circle and 
line. 

31. CDE is a common tangent to two circles, meet- 
ing the line of centres, AB, in E ; FGHKE is any line 
cutting the circles : shew that 

EC.ED =EF.EK:= EG.EH. 

32. If (my circle be drawn touching two oth» given 
circles, the lines joining the points of contact will pass 
through a fixed point. 

33. Find the Arithmetic, Geometric, and Harmonic 
means between three given lines.* 



* Three straight lines AB, AC, AD, are said to be 
(i) in Arith, Prog., when AB : AB :: AB- AC : AC ^ AD, 
(ii) in Geom. Prog,, when AB : AC :: AB /- AC : AC - AD, 
(iii) in Harm. Prog, when AB : AD : : AB - AC : AC - AD. 
Hence it will be found that if AP, AQ, AR, be, respectively, 
the Ar., Geom., and Harm, means between AB and AC, 

2AR Af 
AP = J(AB + AC), AQ« = AB.AC, AR = ^^^, 

whence also AP.AR = AQ', or the three means are in con- 
tinued proportion. 

The Proportion in CHi) is often thus expressed, 
AB:AD::CB:CD, or AD:AB::CD:CB or AD.BC=AB.CD. 

^ B C ^ 




M. If the two aag^es, wliiek one 
with anotiier on the Mune nde of it, be 
that any liae euttug four of the Imet thas drmwn, i 
be harmonically dirided ; and, oonrenelj, if a liiie 
diyided harmonically, and from any point fines 
drawn to the foor points of section, of tHudi any t 
alternate ones contain a ri^t ang^ tiien the a^ 
between the other two will be bisecied. 

35. If from any point P without a ^^iren circle ti 
gents PC, PD be drawn to it, and the line, CDi, jam 
the points of contact, cut in Q the diameter AG 
which passes through P, shew that OP.OQ=(zad. 
and that the line PB is hannomcaUy diTided, and 1 
an^ PCQ bisected.* 

86. If in [35] any line be drawn throng^ P cutti 
the circle in £, G, and CD in F, shew that PG is hi 
monically divided, and the angles PEQ, PG^ bisect 
by EA, G A. 

37. If P be the pole of CQD, then the pole of a 
line through P will lie in CQD : and, conveisely, t 
polar of any point in CQD will pass through P. 

38. Apply [37] to shew that, if a circle inscribed 
a quadrilateral, ABCD, touch its sides AB, &c. 
E, F, G, H, and EH, FG, be produced to meet in : 
then KO drawn to the centre is perpendicular to AC. 

39. In the triangle ABC, AC=2BC: if CD, 
bisect the ansle C and the exterior ang^e formed 1 
producing AC, then the triangles CBD, ACD, AB 
i/DK> have their areas as I, 2, 3, 4. 

40. The locus of the yertiees of all triangles, up 
the same base and having their sides in a given rati 
is a circle. 

41. Find the locus of points at which two givi 
circles will be seen imder the same angle. 

• Tb* jK»lni P it OAlled the pole of CQD, and CQD tbe polar «f I 
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42. In any triangle, ABC, right-angled at A, bi- 
sect the angle C by CD, and shew that 

2AC« : AC«-AD2 :: AB : AD. 

43. Construct a triangle, haying given one side, the 
angle opposite to it, and the ratio of the other two 
sides. 

44. If two triangles have one angle of the one equal 
to one angle of the other and another angle of the one 
supplementary to another angle of the omer, the sides 
opposite to these four angles will be proportionals. 

45. Through any point in the line bisecting an angle, 
draw a line cutting tne sides at equal angles : this is 
the shortest line that can be drawn throu^ the given 
point to cut them, and the triangle so cut on is the least 
possible. 

46. The line, which cuts at equal angles the lines 
containing a ^ven anffle, is tiie least that can be drawn 
to cut off a triangle of given area. 

47. If an isosceles triangle be inscribed in a circle, 
and from the vertical angle a line be drawn to meet the 
circumference and base, the rectanffle of the segments 
of this line is equal to the square of either of the sides 
of the triangle. 

48. Within a given circle place six equal circles 
touchuig one another and the given circle ; and shew 
that the interior circle, which touches them all, is 
equal to each of them. 

49. The perpendicidars from the angles of a triangle 
upon the opposite sides veill meet in a point. 

50. AB is the diameter of a circle, AC, BD, are any 
two chords intersecting in E : draw £F perpendicidar to 
AB, and shew that, if produced, it passes through the 
intersection of AD, BC. 

51. Find a point without a given circle, such that 
the sum of the two lines, drawn from it touching the 
circle, shall be equal to the line drawn from it through 
the centre to meet the circle. 
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6Z, ABC it mn MO«cele> Uian^i drmw AD ji c ni i a 
dicular to the base, and DEF, eiiStmg AB^ AC, ■ 
E,F: then AD:DE::AB->-AF:AB— AF. 

6Z, From any point P, tangenta PA, PB, ne dnen 
to a circle, and AC is drawn perpendiciilar to te 
diameter BD : shew that AC ia hiaected bj PB in & 

64. Divide a given line into any number a£ equl 
parts ; and thence shew how to divide a tzianj^ inli 
the same number of equal parta, by fines dzmwn fim 
a point in one of its sides. 

66. AD IB drai^-n bisecting the vertical an^e at t 
triangle, and cutting the base BC in I> ; in J&C pro- 
duced take a point £, equally distant from A and D, 
and shew that BE : DE :: DE : CE. 

66. If through the bisection of the base of a tmnde 
any line be drawn, cutting one side of the trian^e/ae 
other produced, and a li^ drawn parallel to t£e base 
from tne vertex, this line shall be cut hamumlcally. 

67, If four diverging lines cut a straight line bar- 
monically, they will cut any other intercepted line har- 
monically. 

65. hat the two circles, radii R and r, which tonch 
(i) the three sides of a triangle ABC, and (ii) one aide 
BC and the other sides produced, touch AB in D|, D,, 
ACinEi, E,: then shew that BD,.BD,=CB,.C^=A^. 

69. AD b drawn perpendicular on the hypothenuae 
BC of a right-angled triangle : if iZ be the nunna of the 
circle inscribed m ABC, and r, r^, of those in ABD, 
ACD, shew that JP=r*-\-f^*. 

60. If the exterior angle of a triangle be bisected, 
by a line which cuts the iMse produced, the square of 
this line will be equal to the difference of the rectanglea 
of the segments of the base and of the sidea of tiie tri* 
angle. 

01. If from the angle A of any parallelognon any 
lino bo drawn cutting the diagonal in E, and the aides 
BC, CD, in F, O, shew that A£ is a mean proportional 
between EF, EG. 
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62. Given the nth part of a given line, find the 
(n+l)tlxpart. 

63. CAB, C£B, axe two triangles which have a com- 
mon angle B, and the sides CA, C£, equal : if, in BE 
produced, there be taken ED, a third proportional to 
BA, AC, then will the triangles BDC, BAC, be similar. 

64. APB is the quadrant of a circle, SPT a tangent 
at P, cutting the radii OA, OB, in S, T : draw PM 
perpendicular to O A, and shew that the triangle 

SOT : AOB :: ACB : OMP. 

66, Through a given point draw a line, which^ if 
produced, woidd pass through the point of intersection 
of two given lines, without producing them to meet. 

66. If two triangles are equal, and have the sides 
about one angle in each reciprocally proportional, these 
angles are either equal or supplementary to each other. 

67. Construct an isosceles triangle equal to a given 
scalene triangle, and with the same vertical angle. 

68. ABCB is a rectangle ; draw any line AE to CD 
and BF perpendicular to AE, and shew that the rect« 
angle a£, BF, is equal to the given rectangle, ABCD. 

69. ABC is an inscribed triangle, AD, AE, lines 
drawn to the base, parallel to the tangents at B, C : 
shew that AD = AE, and BD : CE :: AB» : AC*. 

70. In any triangle, if a perpendicular be dropped 
from the vertex on the base, me base : sum of sides 
:: diff. of sides : diff. or sum of segments of the base, 
according as the perpendicular fiEdls within or without 
the triangle. 

71. If any line ABODE be drawn cutting two inter- 
secting circles, C being the point in which it meets their 
Ime of section, then 

AB : BC :: ED : DC, and AE» : BD« :: AC.CE : BC.CD. 

72. If a rectangle be inscribed in a right-angled tri- 
angle, having the right-angle common, the rectangle 
of the segments of the h^mouienuse will be eq^ual to we 
sum of the rectangles of the segments of the sides. 
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73. If an isosceles triangle be inscribed in a cirde, 
haying each of the sides doable of the base, shew that 
the square upon the radius : that upon one of the sides 
::4;15. 

74. ABC is a triangle, right-angled at A, and 
having the angle B double of the angle C ; draw BD 
bisecting the angle B, and AE, DF/perpendiciilan on 
BC, and shew t^t 

1 1 1__ 

BE.DF AE.BF " AE3E ' 

75. If a line touch a circle, and a perpendicular be 
drawn from the point of contact on any diameter, and 
if from the extremities of this diameter and from the 
centre perpendiculars to the diameter be drawn to meet 
the tangent, the four perpendiculars will be pitipar- 
tionals. 

76. Inscribe a square in a given regular pentagon. 

77. Let the Unes AB, AC, be cut proportionallj in 
D, £, and let perpendiculars at D, E, intersect in F : 
then shew that, for all such positions of D and £, F nill 
lie in a fixed line through A. 

78. AB is any chord of a circle; AC, BC, are 
drawn to any point in the circumference, and cut the 
diameter perpendicular to AB in D, E ; if O be the 
centre, shew that OD.OE=(rad)*. 

79. If semicircles be described on the segments of 
the hypothenuse made by a perpendicular from the 
rertex of a right-angled triangle, the segments of the 
sides intercepted by them will be in the triplicate ratio 
of the sides. 

80. The sides containing a given angle are in a 
given ratio, and the vertex is fixed : shew if the ex- 
tremity of one of the sides moves in a giv^a line, so 
also does the extremity of the other, 

81. If from the extremities of the base of a triancle 
two lines be drawn, each parallel to cme of the ddes 
and equal to the other, the lines joining their other 
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extremities with the other extremities of the base will 
cut off equal segments from the sides, each of them a 
mean proportional between the other two segments, 

82. AB, AC are the sides of a regular pentagon 
and decagon inscribed in a circle whose cen&e is O; 
if OD be drawn to AB, bisecting the angle AOC, shew 
that the triangles ACB, ACD, as also the triangles 
AOB, DOB, are similar, and hence that 

AB2-AC2=:(rad)2. 

83. Two circles touch in C ; if any point D be 
taken without them, such that the radii AC, BC sub- 
tend equal angles at D, and DE, DF be tangents to the 
circles, then DE.DF=DC2, 

84. Bisect a triangle by a line drawn parallel to one 
of its sides. 

85. One side of a right-angled triangle is double of 
the other : shew that the perpendicidar from vertex on 
hypothenuse will cut off parts in the ratio of 1 : 4. 

86. If two triangles are to one another as their bases, 
they have the same altitude ; and triangles and paral- 
lelograms of unequal altitudes are to one another ui the 
ratio compounded of the ratios of their bases and alti- 
tudes. 

87. Describe a rhombus, equal to a given rectilineal 
figure, and having an angle equal to a given rectilineal 
angle. 

88. If two triangles have one angle of the one equal 
or 8tq)plementarf/ to one angle of the other, they are to 
one another in the ratio compounded of the ratios of the 
sides containing them. 

89. Describe a square, having given the difference 
between the diagonal and a side. 

90. ABCD is a quadrilateral ; if any line be drawn 
cutting AB, CD, in o, «?, AD, BC, in 6, c, and AC, BD, 
in e, f, then ab: cd :: afx be : cfx de. 
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91. Prove that the ratio of the diacoiial of a aquiK 
t«> the side is incommenaorable, andtihence shew that 
its numerical ralue is nearly 1.4142. 

92. Through a given point deaczibe « circle touch- 
ing a given line and a given circle. 

93. Describe a circle touching two given dzdei 
and a given line. 

94. Through a given point dcacxibe a cxrcle touch- 
ing two given circles. 

95. Describe a circle touching three given circles. 

96. In any triangle the interaectiana of perpendi- 
culars from the angles on the sides, of lines from the 
angles bisecting the sides, and of perpendicnlarB bisect- 
ing the Bides, are in one line, and tueir diiKf-^^fn»g) fayn* 
one another as I, 2, 3. 

97. Let six points be taken in a plane, A« C, E, in 
one line, and B, D, F, in another ; then shew rti ^* the 
intersections of AB and DE, EC and £F, CD and FA, 
are in one line. 

98. If perpendiculars be dropped from the base- 
angles of a triangle on the line bisecting the vertical 
an^le, a circle passing throiigh the points of intersection 
and the foot of the perpendicular from the vertical an^ 
will bisect the base ; and the area of the triangle willlie 
equal to the rectangle contained hj either perpendicular 
and the segment of the bisecting line between the angle. 
and the other perpendicular. 

99. AC, BE are parallel lines, F, G, H, &c. a series 
of equidistant points in AC ; draw a line through B, 
cutting £F, EG, EH, &c. in/, g, h, &c., and shew that 
Bf, By, BA, &c. are in harmonic proportion. 

100. If pairs of common tangents be drawn to each 
two of three given circles, the intersections of each pair 
will lie in one line. 
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DEFINITIONS. 
SOLID is that which hath length, breadth, and 

liat which bounds a solid is a superficies. 

A. straight line is perpendicular, or at right 
to a plane, when it makes right angles with 
traight line meeting it in that plane. 

^ plane is perpendicular to a 
when the straight lines drawn 
of the planes, perpendicular to 
imon section of the two planes, 
pendicular to the other plane. 

he inclination of a straight line to a plane is the 

ingle contained by that straight 

d another drawn from the point 

ch the first line meets the plane 

point in which a perpendicular 

plane, drawn from any point of 

•t line aboye the plane, meets the 

lane. 

rhe inclination of a plane 
me is the acute angle con- 
by two straight lines drawn 
ay the same point of their 
n section at right angles to 
upon one plane, the other upon the other plane. 
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VII. Two planes are said to haye the same, or a )Ske, 
inclination to one another which two other pl*nfff hare, 
when the said angles of indinatioii are equal to one 

another. 

VIII. Parallel planes are such as do not meet one 
another though produced. 

IX. A solid angle is that which is made bj the meet- 
ing in one point of more than two plane A^wg]^^ iriuch 
are not in the same plane. 

X. Equal and similar solid figures are such as are 
contained by similar planes equal in number and mag- 
nitude. 

XI. Similar solid figures are such as haye all j ^ 
solid angles equal, each to each, and which are con- 
tained by the same number of similar planes. 

XII. A pyramid is a solid figure contained by -plrnm 
that are constituted betwixt one plane and one point 
above it in which they meet. 

XIII. A prism is a solid figure contained by plane 
figures, of which two that are opposite are equal, simi- 
lar, and parallel to one another, and the others paral* 
lelograms. 

XIV. A sphere is a solid figure described by the 
revolution of a semicircle about its diameter, which 
remains unmoved. 

XV. The axis of a sphere is the fixed straight line 
about which the semicircle revolves. 

XVI. The centre of a sphere is the same with that of 
the semicircle. 

XVII. The diameter of a sphere is any straight hne 
which passes through the centre, and is terminated 
both ways by the superficies of the sphere. 



BOOK XI. 237 

XYiii. A cone is a solid figure described by the revo- 
lution of a right-angled triangle about one of the sides 
containing the right angle, which side remains fixed. 

If the fixed side be equal to the other side containing 
the right angle, the cone is called a right-angled cone, 
if less, an obtuse -angled, and if greater, an acute-angled 
cone. 

XIX. The axis of a cone is the fixed straight line 
about which the triangle revolves. 

XX. The base of a cone is the circle described by that 
side, containing the right angle, which revolves. 

XXI. A cylinder is a solid figure, described by the 
revolution of a right-angled parallelogram about one of 
its sides, which remains fixed. 

XXII. The axis of a cylinder is the fixed straight line 
about which the parallelogram revolves. 

■ XXIII. The bases of a cylinder are the circles de- 
scribed by the two revolving opposite sides of the paral- 
lelogram. 

XXIV. Similar cones and cylinders are those which 
have their axes and the diameters of their bases pro- 
portionals. 

XXV. A cube is a solid figure contained by six equal 
squares. 

XXVI. A tetrahedron is a solid figure contained by 
four equal and equilateral triangles. 

XXVII. An octahedron is a solid figure contained by 
eight equal and equilateral triangles. 

XXVIII. A dodecahedron is a solid figure contained by 
twelve equal pentagons, which are equilateral and eqiu- 
angular. 
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XXIX. An icosahedzon is a solid figure oootained by 

twenty equal and equilateral triangles. 

A. A parallelopiped is a solid figure oontainfid by 
six quadrilateral figures, whereof every oppos it e two 
arc parallel. 



PROP. I. Thsos. 




One part of a straight line cannot be in a pitmen am' 

another part without it. 

If it be possible, let AB, part of the Btrai^t Une 
ABC, be in a plane, and the part 
BC without it : Then, since the 
straight line AB is in the plane, it can 
be produced in that plane (1. Ax, 2) : 
Let it be produced to D ; and let any 
plane pass through the straight line AD, and be turned 
about it until it pass through the point C : Now, 
because the points B, C are in this plane, the atrai^^ 
line BC is in it (1. Def. 7) : Therefore the two straig^ 
lines ABC, ABB are in the same plane and have a 
common segment AB — which (1, 11. Cor.) is inq^oa- 
sible : Therefore AB and BC are in the same plane. 

Wherefore, One part of a straight line Sfc. O.B.D. 



PROP. n. Thbob. 

Two straight lines which cut one another are in one pttms; 
and three straight lines which meet one an o th e r are in 
one plane. 

Let the two straight lines AB, CD cut one another 
in E : AB and CD shall be in one plane ; and the tfazee 
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straight lines EC, CB, BE, which meet one another, are 
in one plane. 

Let any plane pass through EB, and be turned about 
EB, produced if necessary, imtil it 
pass through the point C : Then, 
because the points E, C are in this 
plane, the straight line EC is in it . 
In like manner, the straight line BG is in the same 
plane: And (H^.) EB is also in it; therefore the 
three straight lines EC, CB, BE are in one plane : But 
in the plane in which EC, BE are, in the same are 
CD, AB (U. 1) ; therefore AB and CD are in one 
plane. 

Wherefore, Two straight Imea S^c, q.e.d. 

PROP. m. Theob. 

If two planet cut one another, their common tectian is a 

straight line. 

Let two planes AB, BC cut one another, and let the 
line BD be their common section: BD shall be a 
straight line. 

For, if not, from the point B to D, draw, in the plane 
AB, the straight line BED, and in the 
plane BC, the straight line BED : 
Then the two straight lines BED, BED 
haye the same extremities, and there- 
fore include a space betwixt them — 
which(I..^. 10) is impossible: There- " ^ 

fore BD, the common section of the planes AB, BC, 
cannot but be a straight line. 

Wherefore, If two planes ^« q, b. d. 
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PROP. rv. Theok. 

If a ttraight line ttand at right anglm to €ach cf Im 
straight lines in the point of their tutenwetfion, it akaU 
also be at right angles to the plane u>hieh jiinw thnmgk 
them, that is, to the plane in which theg mne. 

Let the straight line EF stand at right angles to eadi 
of the two straight lines AB, CD, in B, tlie point of 
their intersection : £F shall also be at rig^ angles to 
the plane passing through AB, CD. 

Take A£, EB, CE, ED, all equal to one another; 
join AD, CB, and through E draw, in the plane in 
which are AB, CD, any straight line catting AD, CB 
in G and H; and from any 
point F, in EF, draw FA, 
FG,FD,FC,FH,FB: Then, 
because the two AE, ED are 
equal to the two BE, EC, each 
to each, and that they contain 
equal angles A ED, BEC^ B* 
therefore the base AD is equal to the base BC» and the 
angle DAE to the angle EBC : And the angle AEG is 
equal to the angle BEH ; therefore the triangles AEG, 
BEH have two angles of the one equal to two angles 
of the other, each to each, and the sides AE, EB, 
adjacent to the equal angles, equal to one another — 
therefore GE is equal to EH, and AG to BH : And 
because AE is eqiial to EB, and EF common and aft 
right angles to them — therefore the base AF is equal 
to the base BF ; and, in like manner, CF is equal to 
DF : And because the two sides DA, AF are equal to 
the two CB, BF, each to each, and the base DF to the 
base CF — ^therefore the angle DAF is equal to the 
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angle CBF: Again, becaiise the two GA, AF are 
equal to the two HB, BF, each to each, and that they 
contain equal angles — therefore the base GF is equal to 
the base HF : And, lastly, because the two GE, £F are 
equal to the two HE, £F, each to each, and the base 
GF to the base HF — ther^ore the angle GEF is equal 
to the angle HEF, and consequently each of these angles 
is a right angle : Therefore EF makes right angles with 
GH, that is, with any straight line drawn through E, 
in the plane passing through AB, CD : Therefore 
(U. Bef, 3) EF is at right angles to the plane in which 
are AB, CD. 

Wherefore, If a straigM line Sgc, q, b. d. 

PROP. V. Theor. 

If three straight Unes meet ctU in one point, and a straight 
line stand at right angles to each of them in thai point, 
the three straight lines shaH be in one and tJie same 
plane. 

Let the straight line AB stand at right angles to each 
of the straight lines BC, BD, BE, in B the point where 
they meet : BC, BD, BE shall be in one and the same 
plane. 

For, if not, let, if possible, BD and BE W in one 
plane, and BC without it ; and let a 
plane pass through AB and BC, the 
common section of which, with the ^^^1^ 
plane in which are BD and BE, will 
be a straight liner-BF suppose : Then 
the three straight lines AB, BC, BF 
are all in one plane, tIz. that which 
passes through AB and BC : And 
because AB stands at right angles to each of the straight 
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llncH BD, BE, it \a also at right an^es to the plav 
passing through them (II. 4) : Therefore it makes ns^i 
angles with every straight liae which meets it in that 
plane, and therefore the angle ABF is a ni^it angle: 
But the angle ABC (HiffK) is also a right angle ; there- 
fore the angle ABF is equal to the angle ABC, and 
they are hoth in the same plane — ^whidh is impoasSkle: 
Therefore the straight line BC is not without the plane 
in which are BD and BE, that Is, the three stni^ 
lines BC, BD, BE are in one and the same plane. 
Wherefore, Tf three straight linet^ ^e. q. b. d. 



PROP. VI. Thbok. 

If two straight lines be at right angles to the same plm^ 
they shall be parallel to one astotker. 

Let the straight lines AB, CD be at right angles to 
the same plane : AB shall be parallel to CD. 

Let them meet the plane in the points B, D, and 
join BD, to which draw DE at right 
angles, in the same plane ; make DE 
equal to AB, and join BE, AE, AD : 
Then, because AB is perpendicular to 
the plane, it makes right angles with 
every straight line which meets it 
in that plane : But BD, BE, which 
are in that plane, do each of them meet AB ; therefeR 
each of the angles ABD, ABE is a right angle : Is 
like manner, each of the angles CDB, CDE is a right 
angle : And because the two AB, BD are equal to the 
two ED, DB, each to each, and that they contain ri|^ 
anglcH — therefore the base AD is equal to the base EB : 
Again, because the two AB, BE are equal to the two 
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ED, DA, each to each, and the base AE is commQn to 
the two triangles ABE, EDA — therefore the angle ABE 
is equal to the angle EDA : But ABE is a right angle ; 
therefore also EDA is a right angle, and ED perpendi- 
cular to DA: But ED is also perpendicular to each 
of the two BD, DC ; therefore ED is at right angles to 
each of the three straight lines BD, DA, DC, in the 
point in which they meet ; therefore (U. 5) these three 
straight lines are all in the same plane : But AB is in 
the plane in which are BD, DA, because any three 
straight lines which meet one another, are in one plane 
(U. 2) ; therefore AB, BD, DC are in one plane : And 
each of the angles ABD, BDC is a right angle ; there- 
fore AB is parallel to CD. 

Wherefore, If two straight lines 4rc. a.E.i>. 



PROP. YH. Thbob. 

If two straight lines he paraUely any straight Une^ drawn 
from a point in the one to a point in the other , is in the 
same plane toith the parallels. 

Let AB, CD be parallel straight lines, and take any 
p6int E in the one and any point F in the other : the 
straight line which joins E and F shall be in the same 
plane with AB, CD. 

If not, let it be, if possible, without the plane, as 
EGF ; and in the plane ABCD, in which the parallels 
are, draw the straight line EHF from 
E to F : Then, since EGF is also a 
straight line, the two straight lines EGF, 
EHF include a space between them — 
which is impossible : Therefore the 
straight line joining the points E, F is not without the 
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plane in which are the parallels AB, CD, that is, it it 
in that plane. 

Wherefore, If two wtraight lines ^. a. b. d. 

PROP. Vm. Thbob. 
If two straight lines be parallel, and one of them be ai riffki 
angles to a plane, the other also shall be ai right angles 
to the same plane. 

Let AB, CD be two parallel straight lines, and let 
one of them AB be at right angles to a plane : the other 
CD shall be at right angles to the same plane. 

Let AB, CD meet the plane in the points B, D, and 
join BD ; therefore (U. 7) AB, BD, CD are in one plane : 
in the plane to which AB is at right angles, draw DE 
at right angles to BD ; make D£ equal to AB, and 
join BE, AE, AD : Then, because AB is perpendicular 
to the plane, it is perpendicular to a 
every straight line which meets it in 
that plane ; therefore each of the angles 
ABD, ABE is a right angle: And 
because the straight line BD meets the 
parallel straight Unes AB, CD, the 
angles ABD, CDB are together equal 
to two right angles : But of these ABD is a right 
angle, therefore also CDB is a right angle, and CD 
is perpendicular to DB : Now, because the two 
AB, BD are equal to the two ED, DB, each to 
each, and each of the angles ABD, EDB is a right 
angle — ^therefore the base AD is equal to the base ^B : 
Again, because the two AB, BE are equal to the two 
ED, DA, each to each, and the base AE is common 
to tiie two triangles ABE, EDA — ^therefore the angle 
ABE is equal to the angle EDA : But ABE is a right 
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angle ; therefore altto EDA is a right angle, and ED is 
perpendicular to DA : But ED is also perpendicular 
to BD ; therefore (U. 4) ED is perpendicular to the 
plane which passes through BD, DA, and makes right 
angles with every straight line which meets it in that 
plane : But CD is in the plane passing through BD, 
DA, because all three are in the plane in which are 
the parallels AB, CD ; therefore ED is at right angles 
to CD, and therefore also CD is at right angles to DE : 
But CD is also at right angles to DB ; therefore CD is 
at right angles to the two straight lines DB, DE, in the 
point of their intersection D, and is therefore at right 
angles to the plane passing through DB, DE, that is, 
to the plane to which AB is at right angles. 
Wherefore, If two straight lines £^, a.E.D. 

PROP. IX. Theob. 

Two straight lines, which are each of them partUlel to the 
same straight line, and not in the same plane with it, are 
parallel to one another. 

Let AB, CD be each of them i>arallel to EF, and not 
in the same plane with it : AB shall be parallel to CD. 

In EF take any point G, from which draw, in the 
plane passing through EF and AB, 
the straight line GH at right angles 
to EF ; and in the plane passing 
through EF and CD, the straight 
line GK at right angles to the same 
EF : Then, because EF is at right angles both to GH 
and GK, EF is at right angles to the plane GHK which 
passes through them (U. 4) : And EF is parallel to 
AB ; therefore also (11. 8) AB is at right angles to the 
plane GHK : In like manner, CD is at right angles to 
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the piano OHK: Therefore AB and CD are ea^i 
them at right angles to the plane QHK, and 
(U. 6) they are parallel to one another, tli y^ is, ABi 
parallel to CD. 

\Vhorefore, Two ttraight Uitm Sfc, q.b.d. 

PROP. X. Thbob. 

If two straight lines meeting one anoiKer be parallel to tm\ 

othert thai meet one another, and are not m the mm 

platie with the Jirat two, theftret two amd the other tm\ 

shall contain equal angles. 

Let the two straight lines AB, BC, which meet «e 
another, be parallel to the two straight linea DE, EF, 
that meet one another, and are not in the same pbai 
with AB, BC : the angle ABC shall be equal to tiie 
angle DEF. 

Take BA, BC, ED, EF all equal to one another, and 
join AD, BE, CF, AC, DF : Then, 
becauHC AB is both equal and parallel 
to DE, therefore AD is both equal and 
parallel to BE : In like manner, CF is 
ec^ual and parallel to BE: Therefore 
AD and CF are each of them equal and 
parallel to BE, and therefore (U. 9) 
AD is parallel to CF : And AD is also equal to CF, 
being each of them equal to BE ; therefore also AC is 
both equal and parallel to DF : And because AB, BC 
are equal to DE, EF, each to each, and the base AC to 
the base DF — ^t)ierefore the angle ABC is equal to the 
angle DEF. 

Wherefore, If two straight lines S^, q. e. d. 
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PROP. XI. Pbob. 

To draw a straight line perpendicular to a given planet 
from a given point without it. 

Let A be the given point without the given plane 
BH : it is required to draw from the point A a straight 
line perpendicular to the plane BH. 

Draw any straight line BC in the plane BH, and 
from the point A draw AD perpendicular to BC : Then, 
if AD be also perpendicular to the plane BH, the thing 
required is done : But, if not, from D draw, in the 
plane BH, the straight line DE at right angles to BC ; 
and from A draw AF perpendicular to DE, and through 
F draw GH parallel to BC : Then, because BC is at 
right angles to ED and DA, BC is at right angles to 
the plane passing through them (11. 4) : And GH is 
parallel to BC ; therefore also (11. 8) GH is at right 
angles to the plane through ED, DA, 
and makes right angles with every 
straight line which meets it in that 
plane: Therefore GH makes right 
angles with AF, and AF with GH: 
But AF also makes right angles with 
DE ; therefore AF makes right angles 
with each of the straight lines GH, DE, in the point 
of their intersection, F : Therefore also (11. 4) it is at 
right angles to the plane through GH, DE, that is, to 
the plane BH : Wherefore, from the given point A, 
without the plane BH, the straight line AF has been 
drawn perpendicular to the plane, q. e. f. 
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PROP. Xn. PUUB. 

To erect a straight lifie at right anyie* to a given ffaM^j 
from a point given in the plane. 

Let A be the given point in the giTen plane : it i 
required to erect a straight line from the point A, at 
right angles to the plane. 

From any point B without the plane, draw BC pa- 
pendicular to it (11. 11), and from A draw 
AD parallel to BC : Then, because AD, 
BC are two parallel straight lines, and one 
of them BC is at right angles to the griven 
plane, the other AD is also at right angles 
to it (11. 8) : Wherefore a straight line 
has been erected at right angles to a given plane, fitaa 
a given point in the same. a.B.p. 




PROP. XTTT. Thbor. 
From the same point in a given j^ane, there cannot be 
dravm two straight lines at right angles to the plam, 
upon the same side of it : and there can he hut one ptt^ 
pendicular to a plane from a point above the pkme. 

Tot, if possible, let the two straight lines AB, AO 
be drawn at right angles to a given 
plane, from the same point A in the 
plane, and upon the same side of it : 
Let a plane pass throi^h BA* AC, 
and let the common section of this 
with the given plane be the straight line DAE : Then 
the straight lines AB, AC, DAE are in one plane: 
And, because CA is at right angles to the given plane, 
it makes right angles with the line DAE, which meets 
it in that plane, and therefore CAE is a right angle : 
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e maimer, BAE is a right angle ; therefore the 
CAE is equal to the angle BAE, and thej are in 
me plane— which U impossible. 
1, from a point above a plane, there can be drawn 
le perpendicular to the plane ; for, if there could 
I, they would be parallel to one another (U. 6) — 
is abeurd. 
erefbre, From ihe tamepoini 4^. ft. e.D. 



PROP, XIV. Tbboe. 



the straight line AB be perpendicular to each of 
lanes CD, EF: these shall be parallel to one 



, if not, they shall meet one another when pro- 
: Let theij common section 
I straight line HO, in which 
my point K, and join ." "" 
Then, because AB is 
nlar to the plane EF, i 
idiculai to the straight line 
hich meets it in that plane, 
erefoie ABK is a right angle ; 
] manner, BAK is a right angle : Therefbre the 
iglea ABE, BAK, of tbe triangle ABK, are equal 
1 right angles — which is impossible : Therefore 
mea CD, EF, though produced, do not mMt gae 
IT, that is, they are paraUeL 
erefbre, Pkutt ifi, a,K.p. 
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PROP. XV. Theok. 

If two straight lines f meeting one another, beptxraUti to two 
straight lines which meet one another, but ewe not m thi 
same plane with the Jirsit two, the plane which patset 
through these is parallel to the plane passing t hr omgk the 
others. 

Let AB, BC, two straight lines meeting one asotfier, 
be parallel to D£, £F, which, meet one another, bot 
arc not in the same plane with AB, BC : the plane 
through AB, BC, shall be parallel to the plane throui^ 
DK, EF. 

From the point B, draw BG at right angles to tiie 
plane through D£, EF, and let it 
meet it in G ; and through G, draw 
GH parallel ta ED, and GK paral- : 
lel^ EF: Then, because BG is 
perpendicular to the plane tiirough 
DE, EF, it makes right angles with 
the lines GH, GK which meet it 
in that plane, and therefore each of the angles BGBL, 
BGK is a right angle : And because (U. 9) AB ii 
parallel to GH (being each of them parallel to BE), the 
angles ABG, BGH are together equal to two right 
angles ; and BGH is a right angle ; therefore also ABG 
is a right angle, and GB perpendicular ta B A : Jn Hk^ 
manner, GB is perpendicular to BC : And, becmise 
GB stands at right angles to each of the two BA, BG 
in their point of intersection, B, therefore GB is perpen- 
dicular to the plane through BA, BC : And it is also 
perpendicular to the plane through DE, EF ; therefore 
BG is perpendicular to each of the planes through AB, 
BC, and DE, EF : But planes, to which the same 
straight line is perpendicular, arc parallel to one another 
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(11. 14) ; therefore the plane through AB, BC is paral- 
lel to the plane through DE, EF. 

Wherefore, If two straight lines Sfc. q.e. d. 



PROP. XVI. Theor. 

If two parallel planes be cut by another plane, their common 
sections with it are parallels. 

Let the parallel planes AB, CD be cut by the plane 
EFHG, and let their common sections with it be EF, 
GH : EF shall be parallel to GH. 

For, if not, EF, GH shall meet, if produced, either 
on the side of F, H, or E, G : First, let them be pro- 
duced on the side of F, H, and meet 
in the point K : Then, smce EFK 
is in the plane AB, every point in 
EFK is in that plane : and K is a 
point in EFK ; therefore K is in 
the plane AB : In like manner, K 
is in the plane CD : Therefore the planes AB, CD, 
produced, meet one another : But they do not meet, 
since {Hyp,) they are parallel ; therefore the straight 
lines EF) GH do not meet when produced on the side 
of F, H : Similarly, it may be proved, that EF, GH 
do not meet when produced on the side of E, G : But 
straight lines which are in the same plane, and do not 
meet, though produced either way, are parallel ; there- 
fore EF is parallel to GH. 

WheTefoTe, If two partUlel planes S;e^ q.e.d. 



PROP. XVn. Theor. 

If two straight Unes be ctd by parallel planes^ they shall be 

cut in the same ratio. 
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Xiet the ttraight lines AB, CD be cut by the pindU 
planes GH, KL, MN, in the points A, B, B, C, F,D:| 
A£ shall be to £B as CF to FD. 

Join AC, BD, AD, and let AD meet the plane ILI 
in X, and join EX, XF: Then, 
because the two parallel planes KL, 
MN are cut by the plane EBDX, the 
common sections EX, BD are parallel 
(11. 16) : In Uke manner, because 
the two parallel planes OH, KL are 
cut by the plane AXFC, the common 
sections AC, XF are parallel : Now 
because EX is parallel to BD, a side 
of the triangle ABD, therefore A£ is to "RT^ as AX to 
XD : And, because XF is parallel to AC, a side of tiK 
triangle ADC, therefore AX is to XD as CF to FD: 
B\4t it was proved that AX is to XD as A£ to £B; 
therefore (4. 11) AE is to EB as CF to FB. 

Wherefore, If tvoo ttraight lines Sgc, q. b. d. 




PROP. XVin. Thbob. 
If a straight line be at right angles to a piane, every pkm 
which passes through it shaU he at right angleg to tkd 
plane. 

Let the straight line AB be at right angles to the 
plane CK : then every plane which passes t^K>ugh AB 
shall be at right angles to the plane CK. 

Let any plane DE pass through 
AB, and let C£ be the common 
section of the planes DE, CK ; take 
any point F in CE, from which 
draw FO, in the plane DE, at right 
angles to CE : Then, because AB 
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is at right angles to the plane CK, therefore it makes 
light angles with every straight line which meets it in 
that plane ; therefore it makes right angles with CE, 
that is, ABF is a right angle : But GFB is also a right 
angle ; therefore FG is parallel to AB : And AB is at 
right angles to the plane CK ; therefore (U. 8) FG is 
also at right angles to the same plane. 

But (11. Def. 4) one plane is at right angles to another 
plane, when any straight line drawn in one of the 
planes, at right angles to their common section, is also 
at right an^es to the other plane; and it has been 
shewn that any straight line FG drawn in the plane 
DE, at right angles to CE, the common section of the 
two planes, is also at right angles to the plane CK — 
therefore the plane DE is at right angles to the plane 
CK. 

And, in like manner, it may be shewn that any other 
plane passing through the straight line AB is at right 
angles to the plane CK. 

Wherefore, If a straight line %c, q. e. d. 

PROP. XrX. Theor. 

Jf two planes cutting one another be each of them perpendi' 
eular to a third plane, their common section shall be per- 
pendicular to the same plane. 

Let the two planes AB, BC be each of them per- 
pendicular to a third plane, and let BD be the common 
section of the two planes AB, BC : BD shall be per- 
pendicular to the third plane. 

For, if not, from the point D draw, in the plane AB, 
the straight line DE at right angles to AD, the common 
seeticm of the plane AB with the third plane ; and from 
the same point draw, in the plane BC, the straight line 




2i>4 Euclid's blbmbnts. 

DF at right angles to CD, the common section of* 
plane BC with the third plane : Then, because k 
plane AB is perpendicular to the third plane, andOi 
is drawn in the plane AB at right angles 
to AD their common section, D£ is per- 
pendicular to the third plane (11. Def, 4^ ; 
And, in like manner, it may be proTed 
that DF is perpendicular to the third 
piano : Therefore, from the point D, two 
straight lines stand at right angles to the 
third plane, upon the same side of it — ^which CU. 13) i 
impossible : Therefore, from the point D there am 
be any straight line at right angles to the third pifl 
except BD the common section of the planes AB B( 
Therefore BD is perpendicular to the third plane. 
Wheretore, If two jdanes ^. q.e.d. 

PROP. XX. Theor. 
If a solid angle be contained by three plane angles any i 
of them are together greater than the third. 

Let the solid angle at A be contained by the tlu 
plane angles BAG, CAD, DAB : any two of these sh 
be greater than the third. 

If the angles BAC, CAD, DAB be all equal, it 
evident that any two of them are greater than the thir 
But, if not, let BAC be that angle which is not li 
than either of the other two, and is 
greater than one of them BAD ; and 
at the point A, in the straight line 
BA, make, in the plane which passes 
through BA, AC, the angle BAE 
equal to the angle B A.D ; and make AE equal to AI 
and through E draw BEC cutting AB, AC, in tli 
points B, C, and join DB, DC. 
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y Then, because AD is equal to AE, and AB is com- 
^non, the two AB, AD, are equal to the two AB, AE, 
^^ach to each, and the angle BAD is equal to the angle 
^BAE — therefore the base BD is equal to the base BE : 
^And because BD, DC are together greater than BC, 
•ad one of them BD has been proved equal to BE a 
of BC, therefore the other DC is greater than the 
part EC : Then, because AD is equal to AE, 
AC common, but the base DC greater than the 
16 EC, therefore (1. 25) the angle DAC is greater 
than the angle EAC : And, by the construction, the 
^«9gle BAD is equal to the angle BAE ; therefore the 
, angles BAD, DAC are together greater than the angles 
BAE, EAC, that is, than the angle BAC : But BAC 
la not less than either of the angles BAD, DAC ; there- 
fore BAC, with either of them, is greater than the 
other. 

Wherefore, If a solid angle S^c, q. b. d. 

PROP. XXI. Theoh. 

Every solid angle is contained by plane angles, which 

together are less than four right angles. 

First, let the solid angle at A be contained by three 
plane angles BAC, CAD, DAB : these shall be together 
less than four right angles. 

In the straight lines AB, AC, AD, take any points 
B» C, D, and join BC, CD, DB : Then, because the 
solid angle at B is contained by the three plane angles 
CBA, ABD, DBC, any two of these are together 
greater than the third ; therefore the angles CBA, ABD 
are together greater than the angle CBD : For the 
same reason, the angles BDA, ADC are together greater 
than the angle BDC, and the angles DCA, ACB are 
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together greater than the angle I>CB : Therefore tk 
six angles CBA, ABD, BDA, ABC, BCA, ACBm 
together greater than the three angles CBD, BDGtl 
DCB : But the three angles CBD, BDC, DCB m\ 
tof^cther equal to two right angles ; therefore tiie 
angles CBA, ABD, BDA, ADC,DCA, ACB are togel^| 
greater than two right angles : AncU i> 

because the three angles of each of the 
triangles ABC, ACD, ADB are together 
equal to two right angles, therefore the 
nine angles of these three triangles are 
together equal to six right angles : And 
of these, the six angles CB A, ABD, BDA, B • 

ADC, DCA, ACB are together greater than two li^ I 
angles ; therefore the remaining three angles BAC, 
BAD, CAD, which contain the solid angle at A, ait 
together less than four right angles. 

Next, let the solid angle at A be contained by soy 
number of plane angles BAC, CAD, DAE, EAF, FAB: 
these shall be together less than four right angles. 

Let the planes in which the angles are be cut hj 
a plane, and let the common sections 
of it with those planes be BC, CD, 
DE, EF, FB : Then, because the solid 
angle at B is contained by three plane 
angles CBA, ABF, FBC, any two of 
which are greater than the third, 
therefore the angles CBA, ABF are 
together greater than the angle FBC : 
In like manner, at each of the points 
C, D, E, F, the two angles, which are at the bases d 
the triangles having the common yertex A, are togethei 
greater than the third angle at the same point, which is 
one of the angles of the polygon BCDEF : Therefore 
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all the angles at the bases of the triangles are together 
greater than all the angles of the polygon : But aU the 
angles of the triangles are together equal to twice as 
many right angles as there are triangles, that is, as 
there are sides in the polygon BCDEF ; and all the 
angles of the polygon, together with four right angles, 
are also equal to twice as many right angles as there 
are sides in the polygon — therefore aU the angles of the 
triangles are equal to all the angles of the polygon 
together with four right angles : But it has been shewn 
that aU the angles at the bases of the triangles are 
together greater than all the angles of the polygon; 
therefore the remaining angles of the triangles, yiz. 
those at the vertex, which contain the solid angle at A, 
are together less than four right angles. 
Wherefore, Every solid angU ^c. q. e. d. 
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LEMMA. 
If from any given mcigmtude there be taken a nuignUudi 
greater than its half and from the remainder a magm- 
tude greater than its half, and so on, there shall at length 
remain a magnitude less them any other given magnitude 
less than the former. 

Let AB and C be the two given magnitudes, of which 
AB is the greater : if from AB there be taken a magni- 
tude greater than its half, and from the remainder a 
magnitude greater than its half^ and so on, ^ j> 
there shall at length remain a magnitude 
less than C. K- 

Take of C such a multiple DE as shall be 
greater than AB ; and let BE be divided 
into parts, DF, FG, GE, each equal to C : 
From AB take BH, greater than its half, | 
and from the remainder AH take HK. greater B c B 
than its half, and so on, tiU the number of the magni- 
tudes BH, HK, KA is equal to the number of the 
magnitudes DF, FG, GE : Then, because DE is greater 
than AB, and that EG taken frx)m DE is not greater 
than its half, but BH taken from AB is greater than its 
half, therefore the remainder DG is greater than the 
remainder AH : And, in like manner, DF is greater 
than AK : but DF is equal to C ; therefore also C is 
greater than AK, that is, AK is less ihan C. 

Wherefore, If from any given magnitude S^, Q. b. d. 

N.B. If only the halves be taken away, the same 
thing may in the same way be demonstrated. 
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PROP. I. Theob. 

Similar polygons inscribed in circles are to one another as 

the squares of their diameters. 

Let the similar polygons ABCDE, FGHKL, be in- 
scribed in circles, whose diameters axe BM, GN : the 
polygon ABCDE shall be to the polygon FGHKL as 
the square of BM to the square of GN. 

Join AM, BE, FN, GL : Then, because the polygons 
are similar, therefore the a 

angle BAE is equal to /^^^^^\\ *" 

the angle GFL, and BA ^( {C^ W l^ ,^ 
is to AE aa GF to FL : '^ ^^ ^'^ ^^^ ^^ 
Therefore the two trian- 
gles BAE, GFL, having 
one angle of the one equal to one angle of the other, 
and the sides about the equal angles proportionals, are 
equiangular, and therefore the angle AEB is equal to 
the angle FLG : But the angle AEB is equal to the 
angle AMB, because they stand upon the same circum- 
ference, and, for the same reason, the angle FLG is 
equal to the angle FNG ; therefore the angle AMB is 
equal to the angle FNG : And the right angle BAM 
is equal to the right angle GFN ; therefore the triangles 
ABM, FGN are equiangular, and therefore BA is to 
GF as BM is to GN : Therefore also (5. Def, 10, and 
5. 22) the duplicate ratio of B A to GF is the same with 
that of BM to GN : But (6. 20) the polygon ABCDE 
is to the polygon FGHXL in the duplicate ratio of BA 
to GF, and the square of BM is to the square of GN in 
the duplicate ratio of BM to GN ; therefore the polygon 
ABCDE is to the polygon FGHKL as the square of 
BM to the square of GN. 

Wherefore, Similar polygons S^c. q. e. d. 
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PROP. II. Theor. 
Circles are to one another as the squares of their diameters. 

Let ABCD, EFGH, be two circles, BD, FH, their 
diameters: the circle ABCD shall be to the oirde 
EFGH as the square of BD to the square of FH. 

For, if not, the square of BD must be to the sqiuure 
of FH as the circle ABCD is to some space either less 
than the circle EFGH, or greater than it: First, if 
possible, let it be to a space S, which is less than the 
circle EFGH ; and in. this circle inscribe the square 

A 




"% 



EFGH : Then this square will be greater than half of 
the circle EFGH : (For, if through the points E, F, 
G, H, there be drawn lines touching the circle, it will 
be manifest, by joining EG, that the square EFGH is 
half of the square described about the circle, and there- 
fore is greater than half of the circle :) Bisect the cir- 
cumferences EF, FG, GH, HE in the points K, L, M, N, 
and join EK, KF, FL, LG, GM, MH, HN, NE : Then 
each of the triangles EKF, FLG, GMH, HNE, is 
greater than half of the segment upon the same base : 
(For, if through the points K, L, M, N, there be drawn 
lines touching the circle, and the parallelograms upon 
the lines EF, FG, GH, HE, be completed, each of the 
triangles will be half of the parallelogram upon the 
same base, and therefore greater than half of the seg- 
ment upon the same base :) Therefore the sum of 
these triangles will be together greater than half the 
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BTim of the segments, that is, than half the remainder 
of the circle, when the square EFGH is taken from it : 
Let these triangles also be taken away ; then, by bisecting 
the circiimferences EK, KP, &c., and forming triangles, 
as before, and taking them away, and so on continually, 
there will at length remain segments of the circle, which 
(Lemma) shall be together less than any given magnitude 
less than the circle EFGH, and therefore shall be together 
less than the excess of the circle EFGH above the 
space S: Let the segments EK, KF, &c. be those 
which remain, and are together less than the excess of 
the circle EFGH above the space S ; then the rest of 
the circle, that is, the polygon EKFLGMHN, is greater 
than the space S. 

Now, if in the circle ABCD be described a polygon 
AXBOCPDR similar to the polygon EKFLGMHN, 
then (xii. 1) the first polygon is to the second as the 
square of BD to the square of FH, that is, {Hyp,) as the 
circle ABCD is to the space S : But the first polygon 
AXBOCPDR is manifestly less than the circle ABCD, 
in which it is inscribed ; therefore the second polygon, 
EKFLGMHN, is also less than the space S : But it 
has been proved to be greater than it — ^which is impos- 
sible : Therefore the square of BD is not to the square 
of FH as- the circle ABCD is to any space less than the 
circle EFGH ; and so also, in like manner, the square 
of FH is not to the square of BD as the circle EFGH 
to any space less than the circle ABCD. 

Next, if possible, let the square of BD be to the 
square of FH as the circle ABCD to a space T, greater 
than the circle EFGH : Then, inversely, the square of 
FH is to the square of BD as the space T to the circle 
ABCD : But as the space T is to the circle ABCD so is 
the circle EFGH to some space, which must be less than 
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the circle ABCD, (since (Hyp.) the space T is greater 
than the circle EFGH ;) therefore the square of FH is 
to the square of BD as the circle EFGH is to some 
space less than the circle ABCD — ^which has been just 
shewn to be impossible : Therefore the square of BD 
is not to the square of FH as the circle ABCD to any 
space greater than the circle EFGH, nor, as has been 
shewn before, to any space less than the circle EFGH ; 
therefore the space of BD must be to the square of FH 
as the circle ABCD to the circle EFGH. 

Wherefore, Circles are to one another as the squares of 
their diameters. Q. e. d. 
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AND MISCELLANEOUS. 



1. If any three lines be drawn making equal angles 
■with the sides of a triangle toward the same parts, mey 
will form a triangle similar to the former, 

2. The vertical angle BAG of a triangle is bisected 
by a line on which the perpendiculars BD, CE are 
drawn : bisect the base BC in F, and shew that FD = FE. 

3. From the vertex of an isosceles triangle, two lines 
are drawn to the opposite angles of the square upon the 
base : shew that the line, which joins their intersections 
with the diagonals, is parallel to the base. 

4. In the figure 1. 47, shew that the lines BC, FK, 
GH, meet in a point. 

5. K England be a triangle, whose base is 200 miles 
and altitude 300 miles, and if the population be 20 mil- 
lions, how many persons are there to an acre ? 

6. The STun of the perpendiculars, let fall from any 
point within an equilateral triangle upon the sides, will 
be equal to that let fall from one of its angles upon the 
opposite side. Is this true when the point is in one 
side of the triangle ? How must the statement be made 
when the point is without the triangle ? 

7. K P be any point in the plane of a parallelogram, 
ABCD, shew that the triangle PBD is equal to the sum 
of the triangles PAB, PBC. 

8. Let a, b, c represent the sides opposite to the angles 
A, B, C, of any triangle ; then if A be a right angle, 
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and h the length of the perpendicular from A on BC, 
the triangle wnose sides are 6+<?» K <^+^> is also right- 
angled. 

9. Express AD, the perpendicular upon the base 
BC of any triangle, in terms of a, 6, c; and shew 
that if S represent the semisimi of the sides, the area 
= V{S(S-o) (S-6)(S-c)}. 

10. If an equilateral triangle haye its angular points 
in three parallel lines, of which the middle one is dis- 
tant from the outside ones by 6, c, its side will be 

11 . If the sides of a pentagon be produced both ways 
to meet, shew that the sum of the angles at the points 
of intersection is equal to two right angles ; and, gene- 
rally, if a polygon nave n+4 sides, shew that tiie sum 
of ue angles thus formed is equal to In right angles. 

12. Shew that the triangle, square, and hexagon, are 
the only regular polygons, by which space can be com- 
pletely filled up about a point. 

13. Shew how the squares in (1. 47) may be dis- 
sected, so that its truth may be made to appear by 
superposition of the parts. 

14. If AD be drawn to any point D in the base of 
the triangle ABC, shew that 

AB2.CD+AC2.BD=AD2.BC+BC.BD.CD. 

15. Find the locus of a point, when (i) the sum, and 
(ii) the difference, of its squares from two giyen points 
is constant. 

10. C is any point in AB ; find a point D (i) in CB, 
(ii) in CB produced, such that CD may be a mean pro- 
portional between AD, BD. 

17. AB is divided in extreme and mean ratio at C : 
in BC (the greater segment) produced take BD=BC, 
and in BC take BE= AC ; then will AD, AE be also 
similarly divided in B, C. 
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18. ABCD is a trapezium, AD parallel to BC : shew 
that ACa^BD* : AB^^CD^ :: BC+AD : BC^ AD. 

19. Divide algebraically a giyen line a into two parts, 
such that the rectangle oi the whole and one part may- 
be equal to the square of the other part. Deduce 
Euclid's construction from one solution, and explain 
the other. 

20. Two circles, whose radii are as 2 : 3, touch each 
other internally, and through the centre of the smaller 
circle a line is drawn perpendicular to the common 
diameter : shew that tangents drawn to this circle, from 
the points where the line cuts the larger circle, are per- 
pendicular to each other. 

21. In any inscribed polygon of an even number of 
sides, the simi of the 1st, 3rd, 5th, &c. angles is equal to 
the sum of the 2nd, 4th, 6th, &c. angles. 

22. BD, CD, are drawn p^pendicular to the sides 
AB, AC of a triangle, and CFE, perpendicular to AD, 
cuts AB in E : shew that the triangles ABC, ACE axe 
similar. 

23. AB, the line of centres of two circles, whose 
radii are 12, r, is divided in C, so that 

AB : R-{-r :: R-r : AC-BC : 

shew that the tangents drawn to the circle from any 
point in CD, perpendicular to AB, are equal. 

24. Describe a rectangle equal to a given square, and 
havinff the difference of its adjacent sides equal to a 
givenline. 

25. If a circle be described about a triangle ABC, 
and perpendiculars from the angles on the sides cut the 
circle in D, E, F, the arcs DE, DE, EF, wiU be bisected 
in C, B, A. 

26. If any two circles touch in O, and lines, POP', 
QOQ", be orawn at ri^ht angles to each other, then, 
A, A", being the points m which the line of centres cuts 
the circles, PP'2+QQ'2=AA'2. 

AA 
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27. AOB is a quadnnt : draw any chord QBr; pa- 
rallel to AB, cutting OA, OB in R, r, and shew mit 
Cai'-uQr« = AB». 

28. Find a point such that tangents drawn from it to 
touch two giren circles shall contain a giTen an^e. 

29. If from any point in the circumference of a aide 
perpendiculars be drawn upon the sides of the inscribed 
triangle, the three points of intersection will be in the 
same line. 

30. AB, AC, DE, DF, are four lines, which fiozm by 
their intersections, three and three together, four tri- 
angles : shew that the circles which circumscribe them 
wifi pass through one and the same point. 

31. If the base of a triangle be produced both ways, 
so that each part produced may equal the adjacent side, 
and through the extremities oi the parts produced and 
vertex a circle be described, the line joining the vertex 
and centre of the circle will bisect the vertical angle. 

32. No triangle can be inscribed in a square greater 
than half the square. 

33. If 12, r be the radii of the circumscribed and in- 
scribed circles of a triangle, shew that its area 

abc (^a-\-b-\-c)r 

= 4^'*" = 2 

a, 6, c representing the sides. 

34. The sides of a triangle are in Ar. Prog, a, a 
being the longest and shortest sides : if 12, r be the 
radii of the circiunscribed and inscribed circles, shew 
that 6Rr=aa', 

35. ABCD is an inscribed quadrilateral: shew that 
AC : BD :: BA.AD+BC.CD : AB.BC+AD.DC. 

36. If the circimiference of a circle be divided into 
five equal parts in the points A, B, C, D, E, and these 
be joined two and two, that is, AC, CE, EB, BD, DA, 
shew that the angles of the stellated figure thus formed 
are together equal to two right angles. 
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37. If the number of parts in [36] be m, and the 
points of division be joined n and n together, n being 
less than ^m, shew that the L of the stellated fi^e 
thus formed are together equal to 2 (a — 26) right 
angles, where o, b are tiie prime factors of m and n. 
How may this result be applied to the case when n is 
greater than ^ ? 

38. Construct the figures for stellated pentagons, 
hexagons, heptagons, and octagons ; and determine how 
many forms are possible in each case. 

39. If AB be divided in extreme and mean ratio at C, 
shew that the ratio of AC : CB is incommensurable, but 
nearly =lf. 

40. A ratio of greater inequality is diminished, and 
of less inequality increased, by adding the same quantity 
to both its terms. 

41. Apply a property of the circle (iii. 15) to shew 
that, if foTir lines are proportionals, the sum of the 
greatest and least will be greater than tiie simi of the 
other two. 

42. K, from any point O within a triangle, there be 
drawn Oa, 05, Oc, to the sides, and from l^e angles 
Aa', B6', Cc', be drawn parallel to these, shew that 

Oa 06 Oc 

Aa'^B6^"^C?~ 

43. Construct a right-angled triangle, having given 
the sTun of the base and perpendicular, and the sum of 
the base and hypothenuse. 

44. If A be the area of any triangle, shew that the 

area of a triangle, whose angular points divide the sides 

ti^ — w -)- 1 

of the former in the ratio of n ; 1, will be -z rrr .A. 

(n + l)2 

45. From the right angle A of a triangle a perpendi- 
cular* Ap is dropped upon BC, pq on AB, qr on BC, &c.: 
shew that Ap+py+5r+&c. : AB :: AB+BC : AC. 



2M 

4A, CD m a diord of snj drde, pgalM to amj gHcK 
UneAh; AC cuts the cireie acam in E, and BE a F : 
afa«w tliat DF cnta the line AB in a fixed point G. 

47« In the ndes AB, AC of a tzian^e, take two 
point* M, X, and, in HX, a point P, soeh diat 

BM AX _ PM 

AM " CX ~ PX • 

and priyre that the trian^ BPC is double of tibe tri- 
ani^JeAMX. 

4$. ABC if an inscribed tziang^ AD, AB ware fines 
drawn to BC, parallel to the tangents at C, B : shew 
that BE ; CD :: AB» : AC«. 

49. DEF is a circle inscribed in the trian^ ABC, 
Umching the sides BC, AC, AB, in D, E, F ; HIK 
a circle t<^mching AB in K, and CB, CA prodoced in 
ir, I : in CH take CL^CA, and in CI take CM^CB, 
and shew that FK= AM. 

M, B, C are anj two points in AD ; find a pmnt 
stu;h that lines drawn fi'om it to A, B, C, D, shall con- 
tain equal angles. 

51. C>ne side of a pK)ljgon is divided into n parts, on 
ett<;h <t( which is described a figure similar and similarly 
situated U) the given figure : shew that the sum of tJ^ 
tMfripheries of the smaller figures is eqiial to that of the 
Iarg(;r, and, if the parts be equal, that the areas of 

the smaller figures are together eqiial to - th of the 

area of the larger. 

62, The regular inscribed hexagon is a mean propor- 
tional between the inscribed and circumscribed equi- 
lateral triangles of any circle. 

A3. If on the diameter of a semicircle two equal 
smnicircloN 1)0 described, and in the space between the 
thrvo clroumferoncos a circle be inscribed, its diameter 
will bo to tliat of die equal circles :: 2 : 3. 
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54. If from the angles C, D of a quadrilateral, 
ABCD, and from E, the intersection of its diasonals, 
perpendiculars CF, DG, EH, be dropped upon AB, its 
area 

66, If Aa, Bb, Cc be drawn, bisecting the angles of 
a triangle, shew that 

A6.£c.Ca= , 

(o+6) (b+c) (c+a) 

56. Given a, b, c the lengths of the chords of three 
arcs, which together make up a semicircle, shew that 
its diameter may be foimd from the equation 

a;3 _ (a2 + &H c2) a; = 2a5c. 

57. K P, p be the areas of regular polygons of n sides, 
circumscribing, and inscribed in, a given circle, and 
Q, q the areas of corresponding polygons of 2n sides, 
shew that P:q::q:p, and P : Q ::p-\-q : 2p. 

58. Draw a perpendicular to twa given lines, not in 
the same plane. 

59. Two planes being perpendicular to each other, 
draw a third, perpendicular to both. 

60. From two given points, draw equal lines to the 
same x)oint of a given line, not in the same plane with 
them. 

61. If three lines, not in the same plane, be equal 
and parallel, shew that the triangles formed by joining 
their adjacent extremities are equal and their planes 
parallel. 

62. If two lines are parallel, the common section of 
any two planes passing through them will be parallel to 
either, 

63. Having three points given in a plane, find a point 
above the plane equidistant from cither of them. 

64. Describe a circle which shall touch two given 
planes and pass through a given point. 
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65. If a line be perpendiciilar to m. plane, its pro- 
itetkm. on an j other plane will be perpendinilar to die 
line of intersection of the planes. 



66. Two points are taken on two walls, wiikiL 
at an angle : find the shortest line which joins them. 

67. B, D are points at eqnal distances fixxn the ends 
of the arc of a quadrant AOC, and BG, DH a;re per- 
pendiculars on OC : shew that the figine B6HD is 
equal to the sector OBD. 

68. If semicircles be described on any two segments 
of the diameter of a circle, the area between the three 
circumferences will be equal to the area of a cirde, 
whose diameter is the mean proportional between the 

segments. 

69. Similar arcs of different circles are as the radii, 
and similar sectors as the squares of the radii.* 

70. Shew that the angles at the centre (or circumfierence) 
in different circles are proportional directly to the arcs 
subtending them and inyersely to the radii ; and hence 
that if a circle roll within another of twice its size, any 
point in its circumference will trace out a diameter of 
the first. 

71. Sectors of different circles are equal, when thdr 
angles are inyersely as the squares of their radii. 

72. Similar segments of circles are proportional to 
the squares of the lines on which they stand. Hence 
shew that, if ABC be an isosceles triangle, right-angled 
at A, BDEC a semicircle on BC, and BFC a circle 
described with centre A, and radius AB, the s^ment 
BCF is equal to the segments BAD, ACE. 

73. Any sector of a circle is equal to a triangle, 
whoso height is the radius, and base the subtendini; 
arc. ® 



It may be usumed that in any circle, semicircumference : radius 
;; area: squjire of radius; hence since the areas of different circlea 
are proportional to the squares of the radii(xii. 2), their circum- 
lerences are proportional to the radii. 
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74. If AB be a circular arc, centre O, and AD be 
drawn perpendicular to BO, and the arc AC be taken 
equal to AJ), then the sector BOC is equal to the seg- 
ment ACB. 

75. The difference of two similar sectors AOB, A'OB', 
equals the area of a rectangle, whose sides are AA', the 
diiSerence of the radii, and ab, a concentric and similar 
arc midway between AB and A'B'. 

76. K semicircles be described on the three sides of a 
right-angled triangle towards the interior, the difference 
between the siun of the circular segments thus standing 
upon the exterior of the sides and me sum of those upon 
the segments of the base, equals the space intercepted by 
the circumferences on the sides. 

77. If a line be placed in a circle, and on the radius 
through one extremity a circle be described, the seg- 
ments of the two circles cut off by the line will be in the 
ratio of 4 : 1. 

78. Semicircles OEDA, OFDB, are described on the 
radii of a quadrant, OACB : shew that (i) A, B, D are 
in a line ; (ii) the areas ACBD, OEDF are equal ; 

iii) the areas OFDA, OEDB, are each one-fourUi of 
e square of the radius. 

79. AB, CD are diameters of a circle, intersecting at 
right angles in O : with radius DA or DB describe an 
arc AEB, and shew that the areas of the lune AEBC and 
of the triangle DAB are equal. 

80. AD is perpendicular on the hypothenuse of a 
right-angled triangle ABC : shew that the circles in- 
scribed m the triangles ABD, ACD, will be propor- 
tional to those triangles. 

81. A series of circles are described, touching each 
other successiyely and each of two given lines : if O A 
be the distance of the centre of the outermost circle from 
the intersection of the lines and OB its radius, shew 
that the sum of all the circles : outermost circle 
:: (OA+OB)«:40A.OB. 



thi 



272 PROBLEMS. 

82. J£ the diameter AB of a circle be divided into n 
equal parts, in the points Pj, P2, &c., and upon AP,, 
AP2, &c. semicircles be described on one side of the 
diameter, and also u{)on BPj, BP2, &c. on the other 
side, the perimeter of any one of the figures AP _iBP 
is equal to the circumference of the circle, and its arcS 

-th of the area of the circle, 
n 

83. Upon the three sides of a triangle right-angled 
at A, describe semicircles towards the same parts, A£B, 
ADC, BDC ; and shew that the difference 01 the figuies 
ADBE, CD, is ^nal to the triangle ABC. 

84. The sides of a square are bisected, and by joinins 
the bisections another is inscribed, ano^er in this, anS 
so on : shew that aU the inscribed squares are together 
equal to the given one. 

85. Shew that all lines drawn from an external point 
to touch a given sphere are equal ; and thence tliAt, if 
a tetrahedron can have a sphere inscribed touching its 
six edges, the siun of every two opposite edges is the 
same. 

86. There can be only five regular solids. 

87. If Aa, B6, Cc, be lines drawn from the angles of 
a triangle to the opposite sides, (i) bisecting the sides, 
(ii) perpendicular to the sides, (iii) bisecting the angles, 
(iv) to the points of contact of inscribed circle, then, in 
each case, Ab . Be . Ca = Ac . Ba . C6. 

88. If Aa, B6, Cc, be lines drawn from the angles 
of a triangle to the sides through any point O, t£en 
A6 . Be . Ca = Ac . Bo . C6 ; and, conversely, i£ this 
equality obtain, the lines Aa, B6, Cc, will pass through 
a point. 

89. If two sides AB, AC of a triangle are divided 
proportionally in c, 6, and the third, BC, bisected in a, 
the linos Aa, B6, Cc, will meet in a point. 

90. In 6. 2, fig. 1, if BE, CD meet in F, shew that 
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AF produced will bisect BC in G, and, if AB = n . AD, 
find the ratio of AF to AG. 

91 . If any line be drawn cutting the sides BC, AC, AB 
of a triangle in a, b, c, shew that A6.Bc.Ca=Ac.Ba.C6; 
and, conversely, if this equality obtain, the points a, b, c 
lie in one line. 

92. If one side of a triangle, AB, be produced to D, 
and the other, AC, shortened by CF, equal to BD, the 
line DF will divide BC in the ratio of AC to AB, and 
BC will divide DF in the ratio of AF to AD. 

93. Lines are drawn &om the angles of a triangle 
ABC, through any point, to meet the sides in a, 6, c, 
and through these points a circle is described, cutting 
the same sides again in a\ b\ d : shew that Aa", B6', Qd 
meet in a point. 

94. K through a given point within a triangle lines 
be drawn from the angles to the opposite sides, and the 
points of section be joined, the three first drawn lines 
will be harmonically divided : and, conversely, if any 
line AH be divided harmonically in G, D, and F be 
a point in any other line AB, the intersections £, C, 
of FG, FD, with BD, BH, will be in a line. 

96. K X be an object inaccessible to an observer A, 
shew that, taking in the direction XA any point B, and 
in any other direction through B any two points C, D, 
and E the point of intersection of the lines AD, CX, 

AB . CD . EA 

BC.DE-AE.CD* 

96. Under the same circiunstances as in [95] describe 
any triangle ABC, and through X draw any line, cutting 
AC, BC m D, E : then, if the line through C and the 

intersection of AE, BD, cut AB in F, AX = ^pj^^^ . 

97. The sides AB, AC, BC, of an inscribed triangle 
are produced to cut a given line in m, n, p ; if ^,„, f„, tp^ 
be me lengths of the tangents drawn &om m, n, j9, to 
the circle, shew that ^,„ . ^,1 . ^^ = Am . Bp . Cn = An . Bm . Cp. 
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98. In erenr izuGiibed truiule, tbe m mwjui oB. d 
thh Hid/at and 'tangents at the an^es o fUMMlg are ia 
a line. 

99. In ererr inscribed hexagon, the intenectiaos of 
the opposite sides taken two and two are in one 1ttm» 

100. If a hexagon be described aboat a cirde, the 
lines joining the opposite angles intersect in a point. 



\ 



By the same Author, 

THE ELEMENTS OF ALGEBRA. 

Fourth Edition. Price 4«. M, 



ARITHMETIC. 

Third Edition. Price 4^. ^, 



These are now in use as Schoof Books at Eton, 
Harrow, Winchester, Rugby, Shrewsbury, and most 
other public Schools. 



■4 



